VANISHING THEOREMS FOR REAL ALGEBRAIC CYCLES 
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Abstract. We establish the analogue of the Friedlander-Mazur conjecture 
for Teh's reduced Lawson homology groups of real varieties, which says that 
the reduced Lawson homology of a real quasi-projective variety X vanishes 
in homological degrees larger than the dimension of X in all weights. As an 
application we obtain a vanishing of homotopy groups of the mod-2 topological 
groups of averaged cycles and a characterization in a range of indices of the 
motivic cohomology of a real variety as homotopy groups of the complex of 
averaged equidimensional cycles. We also establish an equi variant Poincare 
duality between equivariant Friedlander- Walker real morphic cohomology and 
dos Santos' real Lawson homology. We use this together with an equivariant 
extension of the mod-2 Beilinson-Lichtenbaum conjecture to compute some 
real Lawson homology groups in terms of Bredon cohomology. 
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1. Introduction 

Let A be a quasi-projective real variety. The Galois group G = Gal{C/M.) acts 
on Zq{Xc), the topological group of g-cycles on the complexification. Cycles on the 
real variety X correspond to cycles on Ac which are fixed by conjugation. Inside 
the topological group of Zq{Xc)^ of cycles fixed by conjugation is the topological 
group Zq{Xc)°'^ of averaged cycles which are the cycles of the form a + a. The 
space of reduced cycles on X is the quotient topological group 

Homotopy groups of some of the above abelian topological groups are related 
to classical topological invariants. For example for X a projective real variety 
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we obtain the singular homology groups 7Tf:TZo{X) = i/*(X(M), Z/2) [Teh05| and 
7r*Zo(Xc)™ = 7J*(Xc(C)/G,Z) fLLFMOS) . as well as Bredon homology 7rH,Zo(X) = 
-ff*,o(-^c(C); Z) [LF97| . Other honiotopy groups are related to classical algebraic 
geometry invariants. For example TTQ{Zr{Xc)'^) computes the group of algebraic 
cycles of dimension r on X modulo real algebraic equivalence |FW02aj and conse- 
quently with Z/n coefficients equals the Chow group CHr{X)®'L/n (see Proposition 
15. ip . However most of these homotopy groups remain a mysterious combination of 
topological and algebraic information of the real variety X . 

These homotopy groups are hard to compute and examples are few. Nonetheless 
an examination of existing computations shows that these homotopy groups are all 
zero in large degrees. For example, in ( |Lam9d] ) Lam proves that 

n — q 
i=0 

In particular 7rfe(7?.q(P]^)) = for fc > ti — g. Similar vanishing results are seen 
in the computations of [LLFMOS] for a real variety X with the property that its 
complexification is the quaternionic projective space (see Example l6.14p . 

In [Teh08| Teh proves a conditional Harnack-Thom type theorem for the homo- 
topy groups of reduced algebraic cycles on X which holds under the assumption 
that these homotopy groups are all finitely generated and they are zero in high 
degrees. In the case of divisors he shows that 

TTkTZd-iiX) = 

when fc > 3 for any smooth projective real variety X of dimension d. 

The main theorem of this paper provides this vanishing in general and should be 
viewed as a massive generalization of both the classical vanishing of singular homol- 
ogy groups of a manifold in degree larger than the manifold and of the vanishing 
results discussed above. 

Theorem 1.1. Let X be a quasi-projective real variety. Then 

TTkTZgiX) = 

for k > dim X — q + 1. 

In the case of divisors our result improves the previously known vanishing range. 
The case of real projective space described above shows that the theorem's vanishing 
range is optimal. 

The homotopy groups of reduced algebraic cycles Rq{X) define a homology the- 
ory for real quasi-projective varieties X introduced in [TehOSj which is defined by 
RLqHn{X) = TTn-q{TZq{X)) for u > q and called reduced Lawson homology. In this 
notation our vanishing result reads RLqHn{X) — for any n > dim(X). Thus our 
vanishing result shows that the Friedlander-Mazur conjecture holds for the reduced 
Lawson homology of real varieties. 

The homotopy groups of TZq{X) fit into a long exact sequence 

> TTk+lUqiX) ^ TTkZqiXcr LqHRq_k,g{X) ^ 7TkTlq{X) ^ • • • 

where LqHM.q-k,q{X) = TTkZq{Xc)'~^ is the real Lawson homology introduced by 
dos Santos in [dS03aj . As a consequence of Suslin rigidity the homotopy groups of 
TZq{X) are also related to motivic cohomology of X 

> TTUZeqmiKMXc X AJ)™ H^^' {X ; Z{q)) ^ TTkUqiX) ^ • • • . 
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Thus an immediate corollary of the vanishing theorem is an identification of the 
homotopy groups of the space of averaged cycles and of the complex of averaged 
equidimensional cycles. 

Corollary 1.2. Let X be a smooth quasi-projective real variety. Then for any 
k > dim X -q + 1 

and 

H^^-\X-Z{q)) = TTkZegmiAl,0){Xc X Air- 

Theorem 11.11 also implies that the mod-2 homotopy groups of the topological 
group of average cycles satisfy an optimal vanishing (see also Example 16. 19p . 

Corollary 1.3. Let X be a smooth projective real variety of dimension d. Then 

^''2Zp{XcY^ 

forn >2d-2p+l. 







An essential ingredient in the proof of our vanishing theorem is the Milnor con- 
jecture proved by Voevodsky in |Voe03| . The Milnor conjecture relates motivic 
cohomology and etale cohomology while real morphic cohomology naturally com- 
pares with Bredon cohomology. We need to know that these cycle maps are suitably 
related which is done in Theorem 15^ 



Theorem 1.4. Let X be a smooth quasi-projective real variety. The diagram com- 
mutes 

Z/2) ^ = m^j^-''''^iX; Z/2) 

eye 

F9-'^-'«(Xc(C);Z/2) ^H^J-''{Xc{Cy,Z/2) ^ H^J-''{X; ^lf''), 

where i/^'^'?''(Xc(C); Z/2) denotes Bredon cohomology and H^{Xc{C);Z/2) de- 
notes Borel cohomology. 

This suggests that there are possible advantages in replacing the map on Chow 
groups of real cycles into Borel cohomology with the map into Bredon cohomology 
since in many respects Bredon cohomology behaves better than Borel cohomology. 
An application of this idea will be given in a forthcoming paper. 

Together with the mod-2 Beilinson-Lichtenbaum conjecture for real and complex 
varieties (which is a consequence of the Milnor conjecture by [SV00a| ) we conclude 
an equivariant Beilinson-Lichtenbaum type theorem for an equivariant extension of 
Friedlander- Walker's real morphic cohomology groups (see Definition 13. 13|) . 

Theorem 1.5. Let X be a smooth quasi-projective real variety and k > 0. The 
cycle map 

$ : i"™''" (AT; Z/2'') ^ ff'''"(Ac(C); Z/2^) 
is an isomorphism if r < (and s < q) and an injection if r — I (and s < q). 
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Using Friedlander-Voevodsky duality for bivariant cycle theory we show in Corol- 
lary 14.201 that the equivariant morphic cohomology and real Lawson homology 
groups are isomorphic through a Poincare duality. As a consequence the equi- 
variant Beilinson-Lichtenbaum says that in a range we may compute the mod-2 
real Lawson homology groups in terms of mod-2 Bredon cohomology. This allows 
a computation for curves with integral coefficients. 

Corollary 1.6. Let X be a smooth real curve. Then 

LiHW''{X;I,) iJ'^^"(Xc(C);Z) 

is an isomorphism for any q > 0, r < q, and s < q. 

The space of reduced cocycles on X, related via Poincare duality with the space 
of reduced cycles, is defined as 



where Z'^{Xc) is the space of algebraic cocycles on Xc and Z^(Xc)*^ agrees with the 
space of real cocycles introduced by Friedlander- Walker in |FW02aj (see Proposition 
I3.7p . There is a natural comparison map 

n\X) Map(X(R), 7eo(A«)) 

and since 7?,o(A'^) = K{'L/2^q) this provides a natural map 

(1.7) cycu : 7r,7e«(X) ^ i/j4(X(M); Z/2) 

which is the cycle map for reduced morphic cohomology groups defined in [TehOSj . 
Via Poincare duality the vanishing theorem is equivalent to the statement that cyck 
is an isomorphism for k > q. 

Via the Milnor conjecture over C and over M we can deduce an isomorphism 
TTkTZ''{X) nk'R-1gp{X) for k > q. Here TZlgp{X) is the group of "reduced topolog- 
ical cocycles". For a precise definition see Section [71 but essentially this is a version 
of the quotient group Map(Xc(C), Zo(Ay )'='/Map(Xc(C), Zo(A^))'"' which has 
reasonable homotopical properties (such as fitting into a homotopy fiber sequence 
involving Map(Xc(C), Zo(A^))'^ and Map(Xc(C), Zo(Aj))™). 

The final ingredient for our vanishing theorem is now provided by Corollarv l7.14l 
which shows that for X projective, 

^■.7TkTZ'^{X)^7Tknlp{X) 

agrees with the cycle map 7rfc7e«(X) iJj^g(X(M); Z/2) for fc > 2. 

Here is a short outline of the paper. In the second section we review the equi- 
variant homotopy used in the paper. The third section is dedicated to introducing 
the topological spaces of cycles we study and proving some basic properties that 
we use and for which we don't find exact references in the literature. In the fourth 
section we prove a Poincare Duality between equivariant morphic cohomology and 
real Lawson homology. In the fifth section we discuss the cycle maps from equivari- 
ant morphic cohomology and Bredon cohomology and equivariant applications of 
the Beilinson-Lichtenbaum conjecture. The sixth section is devoted to the proof of 
our main vanishing Theorem. One of the main technical ingredients of this proof is 
left for section seven where we reinterpret the cycle map 11.71 from reduced Lawson 
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homology groups to the singular homology in a manner needed to prove our van- 
ishing theorem. The paper ends with two appendixes where we prove and recollect 
a few results on topological monoids used in the paper. 

The authors would like to thank Eric Friedlander, Christian Haesemeyer and 
Mark Walker for helpful discussions. 

Notation: By a quasi-projective fc-variety we mean a reduced and separated 
quasi-projective scheme of finite type over a field k. We write Sch/k for the cate- 
gory of quasi-projective fc- varieties and Sm/k for the subcategory of smooth quasi- 
projective fc-varieties. Except in section 2, G always denotes G'aZ(C/R) and a ^ G 
denotes the nontrivial element. 



2. Equivariant Homotopy and Cohomology 

We recall the basic definitions and theorems we need from equivariant homotopy 
theory. For more details see |May96| . In this paper we will only work with G = 
Z/2, but since no simplification results in the basic definitions, we let G denote 
an arbitrary finite group. The category Top'^ of G-spaces consists of compactly 
generated spaces equipped with a left G-action and morphisms are continuous G- 
equivariant maps. If X is a G-space and C G is a subgroup write for the 
subspace of all points fixed by H. The category Top'^ of based G-spaces consists of 
G-spaces X together with a G-invariant basepoint x & X and maps are base-point 
preserving equivariant maps. A space together with a disjoint, invariant base-point 
will be denoted X+. 



Equivariant homotopy theory. Let / denote the unit interval with trivial G- 
action. A G-homotopy between two equivariant maps /, g : AT — s- 1^ is an equivariant 
map F : X X I such that F\xx{o} = / and f |xx{i} = 9- An equivariant map 
/ : AT ^ y is an equivariant homotopy equivalence provided there is an equivariant 
map g :Y ^ X such that both fog and g o f are G-equivalently homotopic to the 
identity. An equivariant map / : X — > y is a G-weak equivalence provided both 
: X^ is a non-equivariant weak equivalence for all subgroups H C G. 

Formally inverting the G-weak equivalences gives the homotopy category of G- 
spaces. Similarly inverting the based G-weak equivalences between based G-spaces 
we obtain the based G-homotopy category. Write [X, Y]c for classes of based maps 
in the homotopy category of based maps. 

A G-GW complex AT is a topological union X = UA'„ of G-spaces such that Xq 
is a disjoint union of orbits G/H and X„ is obtained from A'„_i by attaching cells 
of the form £>" x G/H via attaching maps tr : 5*""^ x G/H Xn-i- 

The equivariant Whitehead theorem holds for G-CW complexes. That is, if 
f : X ^ Y is a G-equivariant weak equivalence between G — GW^-complexes then 
/ is a G-homotopy equivalence. 

A map A ^ X is said to have the homotopy extension property with respect to 
Z if for any equivariant partial homotopy H : X x {0} Uyixlo} ^ ^ I ~^ Z there is 
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an equivariant map H' making the diagram below commute 

X y.f 



An equivariant cofibration A X is an equivariant map which has the homo- 
topy extension property with respect to all Z in Top^. Inclusions of sub-G- 
CTycomplexes A C X are equivariant cofibrations. 

Let y be a real representation of G, write for the one-point compactification 
of V. The Vth homotopy group of a based G-space X is 

nyX — [S^ ,X]c- 

Note that always has at least two fixed points, and oo. 

When G = Z/2 and y = MP'«, where V = W+'i with G acting trivially on the 
first p-components and on the last g-components the G action is multiplication by 
— 1 we use the notation 



Borel homology and cohomology. The B or el- equivariant cohomology of X 
with coefficients in an abelian group A is defined to be the ordinary singular coho- 
mology of the homotopy orbit space of X : 

Hl{X]A) = HP{{X X £;G)/G;yl). 

Similarly the Borel- equivariant homology is defined to be 

H^{X;A) = Hp[{X X EG)IG:A). 

When X has free G-action then {X x EG)/G X/G is a homotopy equiv- 
alence and therefore when X has free G-action HP{X/G; A) ~ H^{X;A) and 
HpiX/G;A)^H^{X;A). 

Mackey functors. Bredon homology and cohomology take Mackey functors as 
coefficients. There are several equivalent ways to define a Mackey functor |May96| . 
Classically for G a finite group one defines a Mackey functor as follows . Let 
J-Q denote the category of finite G-sets as objects and with equivariant set maps 
as morphisms. A Mackey functor M_ consists of a pair of abelian-group valued 
functors M = (M*,M*) on Tg, with M* contravariant and ill, covariant. The 
functors M* and M* satisfy the following requirements. 

(1) M* take the same value on objects and convert disjoint unions of G-sets 
into products of abelian groups. 

(2) When 

5 — T 

/3' /3 
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is a pull-back square of finite G-sets then 



M(S) — M(T) 



M'ip) 



M{U) M{V) 

is a commutative square of abelian groups. 
Given an abelian group A, the constant Mackey functor A is the Mackey functor 
which on objects A{G/K) = A and on a map / : G/H G/K, M*{f) = id and 
Mf:{f) is multiplication by the index [K : H]. 

Bredon homology and cohomology. Bredon cohoniology (homology) with co- 
efficients in a Mackey functor M is a cohomology (homology) theory H*{~\ M)) 
{H^,{~;M) graded by RO{G). For V £ RO{G) there is an equivariant Eilenberg- 
Maclane space K{M_, V) which represents the reduced cohomology {X ; M_) for 
a based G-space, 

H'^iX-M) = [X,K{M,V)]g. 

When G = Z/2 then RO{G) = Z©Z with generators M^-" and R°^i. We use the 
convention that HP-i{X]M) = H^"'" {X; M.) (and similarly for homology). 

If ^ is an abehan group (with trivial G-action) then HP^°{X;A) = H'^„^g{X/G; A). 
More generally, Borel and Bredon cohomology are related by the natural isomor- 
phism 

HP'i{X X EG; A) = HP;+\X; A{q)) 
where A{q) is A with a acting by (—1)' (see |dSLF041 Proposition 1.15]). 

Equivariant Dold-Thom theorem. Let X be a compactly generated Hausdorff 
space. The free abelian group on the points of X is defined to be Zo{X) = 
[IJ^5'P'^(X)] + , where SP'^{X) is the dth symmetric product on X and (-)+ de- 
notes group completion of the displayed monoid which is topologized via the quo- 
tient topology. 

The degree homomorphism deg : Zo(X) — » Z is defined by deg(^ niXi) — ^ Ui 
is a continuous homomorphism. Write Zo{X)o for the kernel of this map. Notice 
that there is an isomorphism of topological groups Zo{X) = Za{X+)o. 

If X is a G-space then the action on X induces a G-action on Zo{X) and Zo{X)o. 
By pWl Corollary 2.9] when X is a G-GW complex so is Zo{X). 

The classical Dold-Thom theorem says that TTnZo{X)o = Hn{X\ Z) and the equi- 
variant Dold-Thom theorem proved by Lima-Filho [LF97j and dos Santos |dS03b| 
says that 

ttvZq{X)q=Hv{X;'L). 
In particular Zq{S^)q is an Eilenberg-Maclane space K{Z_^ V). 

3. Topological Spaces of Cycles 

Group completions of monoids. Let M be a compactly generated Hausdorff 
topological abelian monoid. The naive group completion of M is the quotient of 
M X M by the monoid action of M where M acts by (a, b) t-^ (m -I- a, m + 6). 
Write M"*" for this abelian group, which is topologized as the quotient of M x M. 
Recall that M is said to satisfy the cancellation property ii a + m = b -\- m implies 
that a = b for any a,b,m G M. When M satisfies cancellation then the naive 
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group completion can be described as M+ = M x AI/ ~, where {a,b) ~ (c, d) if 
a + d = b + c. 

Naive group completion does not generally behave well topologically. For ex- 
ample it may happen that Af + is not a Hausdorff topological group nor is it clear 
how homotopy invariants of M and Af+ are related. Friedlander-Gabber [FG93| 
and Lima-Filho 'LF933 have studied conditions under which the naive group com- 
pletion of a topological monoid is a Hausdorff group and M M+ is a homotopy 
group completion. All of the topological monoids with which we work are tractable 
monoids in the sense of Friedlander-Gabber (see Appendix [Bjl and in particular the 
naive group completion of these groups are homotopy group completions. 

Our main objects of interest are the group completions of submonoids of the 
Chow monoids of effective algebraic cycles on algebraic varieties. Let A; be a field 
of characteristic and j : 1" C be a projective fc-variety. The Chow variety 
Cq{Y,j) = ]J^>Q Cq,d{Y,j) of effective g-dimensional cycles on Y is an (infinite, 
disjoint) union of projective fc-varieties. See |Fri91j for details. 

Cycle-spaces over C. Let Z he a, complex variety. Denote the set of complex 
points equipped with the analytic topology by Z(C)°". Since there will be little 
chance for confusion we will often simply write this space as Z{C) with the topology 
understood. If j : F C PJi is a projective variety then Cq{Y,j){C) is a topological 
monoid and we will generally omit j from the notation since the homeomorphism 
type of this space is independent of j . 

The monoid Cq(y)(C)°" is tractable and therefore the naive group completion 
is a homotopy group completion. Write 

Zq{Y) ^ (c,(y)(c))+ 

for the naive group group completion of this monoid. Define the filtration {0} C 
• • • C Zq,<diY) C Zq^<d+iiY) C . . . C Zq{Y) by 

Z,,<diY) = I II Cq^dAYm X C,,,,(y)(C) / Zq{Y). 

\di+d2<d J 

By [LF93| each Zq,<d{Y) is a closed, compact Hausdorff space and Zq{Y) has the 
weak topology with respect to this filtration. 

When U is quasi-projective with projectivization U C U then define Zq{U) = 
Zq{U)/ Zq{Uoo) where Uoo = U\U. The images of Zq^<k{U) in the quotient Zq{U) 
give a filtration by compact subspaces (and Zq{U) has the weak topology with 
respect to this filtration). This definition is independent of choice of projectivization 
[LF92] . [FG98] . 

Cycle-spaces over M. Suppose that Z is a real variety. Write the set of K-points 
equipped with the analytic topology as Z(M)°" or simply Z(IR) with the topology 
understood. 

Let y be a projective real variety. Consider the topological monoid Cq{Y){M.). 
As explained in the proof of |FW02a|, Proposition 8.2] (see Proposition IB.Sp . the 
topological monoid Cq{Y){^) is tractable and therefore its naive group completion 
is a homotopy group completion. Write 

Zq{Y) = (C,(y)(M))+ 

for the naive group completion. 
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Suppose that [/ is a quasi-projective real variety with projectivization U Q U . 
Define the topological group of g-cycles on the quasi-projective real variety U to be 

Zr{U) = Zr(U)/Zr(U\U). 

If X is a real variety and tt : Xc X is its complexification then G acts on 
Xc(C) and induces a homeomorphism 

X{^) ^ XciCf . 

In particular if X is a projective real variety then by [Fri9H Proposition 1.1] 
Cq{X(c) =Cr{X)c and so we have the isomorphism of topological monoids 

Cr{X){R) ^ Cr{Xc){£f . 

Proposition 3.1. Let U be a quasiprojective real variety. Then 

Zr{U) ^ ZriUcf 

is an isomorphism of topological abelian groups. In particular the group Zr(U) is 
independent of projectivization U ^U. 

Proof. For U projective this follows immediately from Proposition ! A. 3l The quasi- 
projective case now follows by a comparison of short exact sequences of topological 
abelian groups 

^ ZriU\U) ^ ZriU) ^ Zr{U) ^ 



^ Zr{Uc\Uc)^ ^ Zr{Uc)^ ^ ZriUcf ^ 0, 

where the exactness of the bottom row is a consequence of the Lemma 13.31 □ 

Remark 3.2. Let U he a, quasi-projective real variety. Since + : Z]~{Uc) x Zk{Uc) — > 
Zk{Uc) is closed we see by taking G-fixed points that -f : Zk{U) x Zk{U) Zk{U) 
is a closed map for any real variety U . 

Lemma 3.3. Let Y <Z X be a closed subvariety of a real projective variety. Then 

ZriXcf/ZriYcf ^ {Zr{Xc)/ZriYc)f 

and 

Zr{Xcr/Zr{Ycr ^ {Zr{Xc)/Zr{Yc)r 

are isomorphisms of topological groups. 

Proof. Consider the quotient maps tt : Zr{Xc) Zr{Xc)/ Zr(Yc) and q : Zr(Xc)'~^ ^ 
ZriXcT I ZriYcT . Consider the filtration {(^2,(Xc)<d})^ of (Z,(Xc)/Z,(rc))° 
and the filtration {q{Zr(Xc)'^^^ of ZriX^f^ j ZriYcp . These spaces have the 
weak topology given by these Tiltrations so it is enough to see that 

q{Zr{Xc)%i) -> {'KZr{Xc)<if 

is a homeomorphism for all d. 

First we show that Zr(Xc)<(j — > (7rZr(Xc)<d)'^ is surjective. If [77] g (7rZr(Xc)<(i)'^, 
we can choose a representative 77 = ^nyV € Zr{Xc)<d such that each V ^Yc- 
Since rj — rj & Zr{Yc) (and each V <^Yc) we see that 77 = 77 and therefore the map 

2r{Xc)<^d — > {nZr{Xc)<d)'~' 
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is surjective. The map 

is easily seen to be injective and since Z^.^Xc)'^^ is compact this map is closed so 
is a homeomorphism. 

The second statement about the topological group of averaged cycles is proved 
in a similar fashion. □ 

Spaces of algebraic cocycles. In this section we recall the construction of topo- 
logical monoids of algebraic cocycles |FL921 lFri98j . Let X, Y be quasi-projective 
real varieties over fc = C or R. Write Morfc(X, Y) for the set of continuous algebraic 
maps between X and Y . When X is semi-normal then Morfc(X, Y) — Horn (X, Y). 
Friedlander- Walker construct "analytic" topologies on Mor/j (X, Y) in [FWOlbj for 
k = C and in |FW02aj for fc = M. The set of continuous algebraic maps with this 
topology will be written MoTkiX, Y)"". By |FW02a[ Lemma 1.2] Motm.{X, F)"^" = 
(Morc(Xc, YcT-^f. 

When X ,Y are projective real varieties and W,Z are projective complex varieties 
then this topology coincides with the subspace topology induced by the inclusions 

Morc(W^, Z) C Map(M^(C), Z(C)) 

and 

MoMX, Y) C Map(Xc(C), Yc{C)f, 

where Map(— , — ) denotes the space of continuous maps is with compact-open topol- 
ogy. When the domain is only quasi-projective then the analytic topology on the 
algebraic mapping spaces is no longer the compact-open topology but rather the 
topology of convergence with bounded degree (see [FL97|, Appendix A]). 

Let W he a quasi-projective complex variety and Z he a projective complex 
variety. Write d — dimW^. Let Cr{Z)(W) denote the monoid of effective cycles 
on W X Z equidimensional or relative dimension r on W. This is made into a 
topological monoid via the subspace topology induced by the inclusion 

cAz)iw)cc,uwxz)'^^ '^-^^^l^^ 

where W C W a projective closure with closed complement Woo — W\W. This 
topology may also be described as follows. Let 

£riZ)iW) CCr+d(WxZ) 

denote the constructable submonoid consisting of effective cycles whose restriction 
to 14^ X Z is equidimensional of relative dimension r over W. By [M98l Proposit ion 
1.8] the topology on Cr{Z){W) (given by the subspace topology above) coincides 
with the quotient topology given by 

^ ^ai^- 

Define the topological group of equidimensional cycles of relative dimension r 
over W as Zr{Z)[W) = [Cr{Z){W)\^ (where as usual the naive group completion 
is given the quotient topology). Since Cr{Z){W) is a tractable monoid the naive 
group completion is a homotopy group completion. 

In [FriQl] it is shown that a morphism of varieties f : W ^ Cr{Z) has an 
associated graph in Zf e Cr{Z){W). By |FL97| Proposition A.l] this defines an 
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isomorphism of topological monoids F : Morc(M^, Cr{Z)) Cr{Z){W) for any 
normal, quasi- projective complex variety W by |FL97| Proposition A.l]. Therefore 
the graph map T also induces an isomorphism of topological abelian groups 

r : Morc(M^, Co(Z))+ ^ Zo(W)(Z), 

for any normal, quasi-projective variety W and any projective variety Z. The 
composite of F and the continuous inclusion Zq{W){Z) C Zdimiv(W^ x Z) defines 
the duality map 

V : Morc(VK, Co(Z))+ ^ Zq{W){Z) C Zd{W x Z). 

While this is a continuous injective homomorphism it is not a topological embedding 
(see [FL97] ). 

Liemma 3.4. (c.f. |Teh05[ Proposition 2.9]; 

(1) If W is a normal quasi-projective complex variety and Zi C Z2 is a closed 
subvariety of a complex projective variety then 

Morc(VK, Co(Zi))+ C Morc(W^, Co(Z2))+ 

is a closed suhspace. 

(2) If U is a normal quasi-projective real variety and Y <Z Z is a closed subva- 
riety of a projective real variety then 

MomiU, CoiY))+ C Mora(;7, Co{Z))+ 

is a closed subspace. 

Proof. For the first statement it is equivalent to show that Zr(Z\)(yV) C Zr{Z2){W) 
is closed. Using Lemma FA.f I we see that Cr+d{W x Zi) C Cr+d{W x Z2) is closed 
and since CriZi){W) = Cr+d{W x Zl)C^Cr{Z2){W) we conclude that cJ{Zi){W) C 
Cr{Z2){W) is a closed subspace. Write tt : Cr{Z2){WY'^ -> Zr{Z2){W) for the 
quotient. Then tt'^ Zr{Zi){W) = Cr{Zi){WY'^ + /^{Cr{Z2){W)) (where A denotes 
the diagonal) is closed by step (1) in Proposition 13.61 Therefore Zr{Zi){W) C 
ZriZ2)iW) is closed. 

The second statement follows immediately from the first statement together with 
Proposition rO and [FW02a[ Lemma 1.2]. □ 

Definition 3.5. (1) Let W he a quasi-projective complex variety. The space 
of algebraic g-cocyles is defined to be 

^ ^ Morc(T4^, Co(P^))+ 

Morc(W^, Co(Pr'))+ 

(2) Let U he a quasi-projective real variety. The space of real algebraic q- 
cocyles is defined to be 

^ ^ MoMU, Co(F^))+ 

MorM(C/, Co(Pr'))+ 

Proposition 3.6. Let U be a normal quasi-projective real variety then 

(Morc(£/c, Co(P^))°"-+)g ^ ( Morc(;7c, Co(P^))°"'+ \^ 



(Morc(C/c, Co(Pr ))"''+)^ \MoYc{Uc, Co(Pr )) 
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(Morc(£/c, Co{F'c}r'+r ^ ( Morc(£/c, Co(P^)) 



an,+ 



(Morc({/c, Co(Pr'))""'+)'^" V^^°^c((7c, Co(Pr'))""'+ / 
are isomorphisms of topological groups. 

Proof. By Lemma [A. 2 1 and Proposition IA.3I it is enough to show that for Y' C Y 
a closed subvariety of a projective real variety and U a quasiprojective real variety 
that 

Cr{Yc)iUcf fCr{Yc){Ucy " 



Cr{Y^)iUc)^ ■ \CriY^){Uc), 
is an isomorphism of topological monoids. 
We proceed in several steps. 
(1) The map 

+ : Cr{Yc){Uc) X Cr{Yc){Uc) ^ Cr{Yc){Uc) 

is a proper map. Observe that if a + /3 is equidimensional then both a and 
/? are equidimensional and therefore 

CriYc){Uc) X Cr{Yc){Uc) ^Cr{Yc){Uc) 



Cr+k{Uc X Yc) X Cr+k{Uc X Yc) ^Cr+kiUc X Yc) 

is a pull-back square. Since addition is a proper map on effective cycles we 
see that it is a proper map for effective cocycles as well. 
(2) The map 



Cr{Y^){Ucr \Cr(Y^){Uc) 
is easily seen to be a continuous bijection by an argument similar to the 
one used in Lemma 13.31 
(3) Finally since Cr{Yc){Uc) Cr(Yc){Uc)/CriY^)iUc) is a closed map by 
Lemma lA. II we conclude that the continuous bijection 

CriYcWc)'' ( CriYc){Uc) Y 
CriY^KUcr \Cr{Y^){Uc)J 
is a closed map and therefore a topological isomorphism. 
The second statement for average cocycles is proved in a similar fashion, using 
Proposition EUni and that Cr{Yc){UcT'' Q Cr{Yc){Uc) is closed. 

□ 

As with the topological group of cycles on a real variety X we may view the 
topological group of real cocycles as the topological group of cycles on the com- 
plexification which arc fixed by the Galois action. 

Proposition 3.7. Let X be a normal quasi-projective real variety. Then 

Z'^{X) = Z'J{Xcf. 

Proof. This follows from Proposition IA.3I together with the previous proposition 
since MomiX, Co(P^)) = Morc(Xc, Co(Pj))«. □ 
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Remark 3.8. The space Z'^{Xc) has the equivariant homotopy type of a G-CW- 
complex (see Corollary IB. 6p . 

When W — is the complexification of a quasi-projective real variety and 
Z = Yc \s the complexification of a projective real variety the graph map is an 
equivariant morphism. In particular the duality map 

V : Z\Xc) -> ZdiXc X Ay 

is an equivariant continuous map. 

Definition 3.9. (1) Let X be a projective real variety. Define the topological 
group of averaged cocycles to be 

Z'iXcr = {f + ^-f\f^ Z'{Xc)} C Z-^iXc). 
(2) Let X be a normal projective real variety. Define the topological group of 
reduced cocycles to be the quotient topological group 

^ ' z<i{XcY^- 

Lemma [3.101 shows that TV{X) is a HausdorfF topological group. 
In |Teh05| Teh defines 

_ Morc(Xc, Co(yc))+'^ 
^'^^^^^^ - Morc(Xc, Co(lc))+-'^'' 
and defines the reduced cocycles are defined as 

^ n,m{x) 
^ ' 7^o(P9"l)(x) 

for any real normal projective variety X and real projective variety Y. 

By Proposition 13 . 61 this definition and the one above give isomorphic topological 
groups. 

Lemma 3.10. (c.f. [Teh05[ Proposition 2 A]) Let X he a real projective variety. 
The subset of averaged cocycles Z'^{Xc)'^'" C Z'^(Xc) is a closed subgroup. 

Proof. Write / for cr • / and V ior a ■ V. 

Suppose that {[/„] + [/„]} is a sequence in Z'^{Xc)°"" which converges in Z'^{Xc). 
Write [7] = lim„_^oo[/ri] + [/«] for its limit. We need to conclude that [7] is an 
averaged cocycle. 

The set {[/„] + [/«]} U {[7]} C Z'^{Xc) is compact. Applying the duality map to 
this set yields the compact subset 

{r([/„]) + r([^])} u {r([7])} c z^iXc x a^. 

Since this is a compact subset it lies in Zd,<k{Xc x A^ for some k. 

The sequence {[ffn]} C Zd,<k{Xc x A^ has a convergent subsequence. Write 
{[g(„J} for this convergent subsequence and write lim„;_+oo[5ni] = [g] G 2d.<kiXc x 
A') for its hmit. Note that [g] satisfies [g] + [g] = T{^). Since F is injective and 
its image consists precisely of equidimensional cycles, we are done if we can find an 
equidimensional cycle [g'] such that [g'] + [g'] = [g] + [g]. 

Choose a representative 7 £ Morc(Xc, Co{P'^))^ of [7]. Choose a representative 
g = J2nvV G ZdiXc x P«) of [g] such that if 7^ then V ^ P'-^ x X. Since 
[ff] + M = r([7]) e Zd{Xc X Ay we see that g + g = + ny)V = r(7) + h 
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where h e Zd{Xc x P^~^). Write h = Y^rawW . Since V ^ P«"i whenever ny ^ 
we see that if mw i= then a term of ^mwW must appear in r(7). In particular 
h is equidimensional. Consequently g + 5 is equidimensional. 
If ny + ny- ^ then 1/^ is equidimensional. Define 

g'= J2 

Since 5' is an equidimensional cycle there is an / G (Morc(Xc, Co (P' such 
that r(/) = g'. Since r([/] +]/]) = [5'] +M = [ff] + M = r([c]) and T is injective, 
we conclude that [c] = [/] + [/]. □ 

A continuous algebraic map f : W V between two complex varieties induces 
a continuous map / : W{C) V{C). Friedlander-Lawson |FL92[ Proposition 4.1] 
show that this defines a continuous map 

(3.11) $ : Z''{W) Map(M^(C), Zo(A£)), 

where the mapping space between two topological spaces is given with the compact- 
open topology. If y is a real variety this provides a continuous equivariant com- 
parison map 

$ : Z'-(rc) ^ Map(rc(C), Zo(Ay) 
of topological abehan groups. 

Definition 3.12. (Real Morphic Cohomology) Friedlander- Walker [FW02a| define 
real morphic cohomology of a quasi-projective real variety by 

L''HW\X)^Tr2g-nZ%X) 

for 2q — n > 0. 

We will be using an equivariant extension of their theory for normal quasi- 
projective real varieties defined below. 

Definition 3.13. (Equivariant Morphic Cohomology) Let X be a normal quasi- 
projective variety. Then the equivariant morphic cohomology is (in equivariant 
homotopy indexing notation) 

i«i/M^-''-(X) =7r,_fc,,_,Z«(Xc), 

for q — k, q — r > 0. 

By Proposition 13 . 71 we see that 

L^HW'iX) = 7r2,-nZ%Xcf 

so Friedlander- Walker's real morphic cohomology groups are a part of the equivari- 
ant m orphic cohomology, L«i7R'?-'^'«(X) = 7r^,o-Z'^(^c) = L^HR^'i-''' (X). 
In |dS03a| dos Santos defines real Lawson homology. 

Definition 3.14. (Real Lawson Homology) For any quasi-projective real variety 
X, the real Lawson homology is defined by 

Z,{Xc), 

for n — q,m — q > 0. 

Definition 3.15. Let X be a quasi-projective real variety. The following definitions 
are taken from [LLFMOS] . 
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(1) Define the space of averaged cycles ZqlX)"-" to be 

ZgiXcr ^lm{N)CZg{Xcf, 

so Zq{Xc)"-^ C Zq{Xc)'^ is tlie subgroup generated by cycles of tlic form 
Z + Z and given the subspace topology. By Remark 13.21 this is a closed 
subgroup. Here N : Zg{Xc) Zg{Xc) is defined by N{Z) = Z + Z. 

(2) Define the space of reduced cycles TZq{X) to be the quotient group 

_ Zqjxcr 

Remark 3.16. These spaces all have the homotopy type of a CVF-complex (see 
Corollary Eel). 

Teh [Teh05] defines the reduced real Lawson homology of X to be 

RLqH^{X)=^^.qnq{X), 

for n > q. According to Lemma 13.31 this definition coincides with the definition 
given in |Teh05] in the case of a quasi-projective variety. 

Example 3.17. Let X be a projective real variety. 

(1) [LLFM031 Lemma 8.4] The space of averaged zero-cycles computes the 
singular homology of the quotient of analytic space of complex points 

TTkZoiXcr ^ Hk{X{C)/G;Z). 

(2) By the equivariant Dold-Thom theorem [dS03b| the space of fixed zero- 
cycles computes (a portion of) Bredon cohomology 

(3) [TehOSl Proposition 2.7] The space of reduced real cycles computes the 
singular homology with Z/2 coefficients of the analytic space of real points 

TTkTZoiX) = Hk{X{R);Z/2). 

4. PoiNCARE Duality 

In this section we use the duality for bivariant cycle homology in [FVOOj to 
establish a duality between Lawson homology of a real variety and real morphic 
cohomology. This together with the duality between Lawson homology and morphic 
cohomology |FL97j gives an equivariant duality between the algebraic cocycle spaces 
and algebraic cycle spaces for the complexification of a real variety. 

The material and methods used here closely parallel [FW03[ Section 3] where 
Friedlander- Walker reformulate Lawson homology and morphic cohomology for 
complex varieties. 

Recognition Principle. Let F{—) be a presheaf sets (respectively simplicial sets, 
or abelian groups) on Sch/M.. If T is a topological space then define F{T) by the 
filtered colimit 

F(T) ^ colim F(V). 

In particular we obtain a simplicial set (respectively a bisimplicial set, or sim- 
plicial abelian group) by 

(4.1) d^F{At^). 
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We record an analogue of the recognition principle |FW03| Theorem 2.3] which is 
needed to move the duality for bivariant cycle homology to a duality for real Lawson 
homology and morphic cohomology. Friedlander- Walker's proof in the complex case 
uses the uad-topology which is essentially due to Deligne. 

Definition 4.2. (1) A continuous map of topological spaces f : S T is said 
to satisfy cohomological descent if for any sheaf A of abelian groups on T 
the natural map 

H*{T,A) H*iNT{S)J*A) 

is an isomorphism. Here Nt{S) ^ T is the Cech nerve of /, i.e. Nt{S) is 
the simplicial space which in degree n is the n + 1-fold fiber product of S 
over T. A map / : S* — > T is said to be of universal cohomological descent 
provided the puUback S Xt T' ^ T' along any continuous map T' — > T is 
again of cohomological descent. 
(2) The uad-topology on Sch^ is the Grothendieck topology associated to the 
pretopology generated by collections {Ui X} such that ]J[/i(R)''" 
A'(R)''" is a surjective map of universal cohomological descent. 

Example 4.3. (1) A proper and surjective map of real varieties X — > F which 
induces a surjective map of real points is a uad-cover. Indeed, in this case 
A"(R)''" y(M)''" is a proper surjective map of topological spaces, and 
therefore is a map of universal cohomological descent (see [Del741 5.3.5]). 

(2) Any Nisnevich cover is a uad-cover. Any cdh-cover is a uad-cover. In 
particular every real variety X is locally smooth in the uad topology because 
resolution of singularities implies there is a cdh-cover X' — > X, with X' 
smooth. 

(3) Unlike the complex case not every etale-cover is a uad-cover (e.g. Spec C 
Spec M is an etale cover but not a uad-cover) . 

Here is the recognition principle. 

Theorem 4.4 f [FW03[ Theorem 2.2]). Suppose that F ^ G is a natural transfor- 
mation of presheaves of abelian groups on Sch^. If Fuad Guad is an isomorphism 
of uad-sheaves, then 

is a homotopy equivalence of simplicial abelian groups. 

Proof. Friedlander- Walker's proof given in |FW03j works by changing the space 
Ar(C)°" associated with a complex variety with the space y(M)°" associated to a 
real variety together with the fact that y(]R)°" may be triangulated. □ 

Corollary 4.5. Suppose that f : F G is a map of presheaves of simplicial 
abelian groups such that F{V) — > G(V) is a homotopy equivalence for any smooth 
V. Then the map of simplicial abelian groups diagi^(A*gp) — s- diagG'(A*Qp) is a 
homotopy equivalence. 

Poincare Duality. Let AT be a variety over a field k of characteristic zero. Re- 
call the presheaf ZequiiX,r)(—) of equidimensional r-cycles. This is the unique 
qfh-sheai on Sch/k such that for a normal variety U the group Zequi{X,r){U) is 
the free abelian group on closed, irreducible subvarieties V C U Xk X which are 
equidimensional of relative dimension r over some irreducible component of U . 
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If X and Y are real varieties then G — Gal{'C/M) acts on the group Zequi [Xc, r) {Uc) 
hy(7-[VQUc xc ^c] = [<yV C Uc xc ^c]- 

Lemma 4.6. Let X and U be real varieties. Then 

Ze,„(X,r)(C/) ^ {z,q^^{Xc,r){Uc)f 

is a natural isomorphism where tt : (J7 Xr X)c — > [/ Xr X. 

Proof. It suffices to check this for U normal, since normalization is a qfh-covei. By 
[SVOObl Lemma 2.3.2] tt* : Cycl{U x X) ^ Cycl{{U x X)c)^ is an isomorphism, 
where Cycl{W) denotes the group of cycles on W. We are done if we see that 
f : V ^ U is equidimensional if and only if f : Vc Uc is equidimensional. By 
[Gro661 Proposition 13.3.8] if / is equidimensional then so is /. Suppose that / : 
Vc — > J7c is equidimensional. Since Uc is normal, f : Vc ^ Uc is an open mapping 
and for all v' € V the local rings Oy^.^^' are equidimensional by |Gro66[ CoroUaire 
14.4.6]. By jGro65[ Corollaire 2.6.4,' Proposition 7.1.3] the map f : V ^ U is 
open and Ov,v is equidimensional for all w e y since Uc U is faithfully flat and 
therefore / is equidimensional. □ 

In the proof of [FW02a[ Proposition 2.4] it is shown that for any presheaf F{—) 
of sets on Sch/C and any topological space T the natural map 

colim F(Vc) ^ colim F(U) 

T^y(R) T~>U{C) 

is an isomorphism. In the first indexing set V ranges over real varieties and in the 
second U ranges over complex varieties. 

In particular Zequi{Xc,r){Yc XcT) may be computed via the filtered colimit 

Zequi{Xc,r)(Yc y-cT) ^ colim Zequi{Xc,r){Yc XcVc), 

which equips ZequiiXc, r){Yc xcT) with an action of G. Filtered colimits commute 
with fixed points and so 

Zeqm{X,r){Yxj,T) {z,gu^{Xc,r){YcXcT)f = colim {zeqm{Xc,r){YcXcVc)f 
is an isomorphism. 

For X projective we have the natural isomorphism of presheaves (in fact of qfh- 
sheaves) of abelian groups on 5c/ir (see |SV00b[ Lemma 4.4.14] 

Zeqm{X,r){-) = MorR(-, Cr{X))+. 

The following is the real analogue of |FW03| Proposition 3.1]. 

Proposition 4.7. LetT he a compactly generated H aus dor ff topological space and 
X a quasi-projective real variety. There is a natural map of abelian groups 

Ze,„(X,r)(T) ^ Hom,t, (T, Z,(X)) 

given by sending (f : T —>■ ?7(K), a S Zequi{X, r){U)) to the function t a\f(t). 

This map is contravariant for continuous maps of compactly-generated Hausdorff 
spaces T' ^ T , covariant for proper maps X ^ X' and contravariant for flat maps 
X' ^ X (with a shift in dimension). 

When X is a projective real variety the induced map of simplicial abelian groups 

z,g^,{X,r){AU^Sing,ZriX) 
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is the natural homotopy equivalence 

[Sing.(C. ^ Sing. Z,(X). 

More generally, for a quasi-projective real variety X with projectivization X d X 
this map fits into a comparison of homotopy fiber sequences 

(4.8) Zeqm(X \ X, r)iAlp) ^ z,,^,(X, r)(A*„p) ^ Zegm{X, r){Alp) 



Sing. Zr{X \ X) ^ Sing. Zr{X) *- Sing. Zr{X). 

Therefore the map 

z,gu;{X,r)(Alp) ^Smg,Zr{X) 
is a natural weak equivalence for any quasi-projective real variety X . 

Proof. The map 

Zeqm{Xc,rKT) - colim z,qur{Xc,rKW) ^ Hornets {T, Z,(Xc)) 

given sending {f : T ^ W{C),a G Zequi{Xc,r){Wj) to the function t i— > a|/(t) 
is shown to be well-defined in [FW03[ Proposition 3.1] and to satisfy the stated 
naturality properties. Observe that ii W — Vc is the complexification of a real 
variety then Oi^J(t) = ^|7(t)- Therefore composing with the natural isomorphism 

colim Zequi{Xc,r){Vc) ^ colim Zenui{Xc,r){W) 

gives a well-defined equivariant map 

ZequiiXc,r)iT) Hornets (T, Z,.(Xc)) 
which by taking fixed points induces the map 

zegm(^,r)(r) - z^,™ (Xc , r) (T)« ^ Hom,*, (T, Zr{Xc)f = Hom,t, (T, , 

which is the map of the proposition and satisfies the stated naturality properties. 

When X is a projective real variety and T is a compact Hausdorff space, the map 
Ze!}iiiXc,r){T) Homcts(T, Cr{Xc)) is an isomorphism by [FW02bl Corollary 
4.3]. Since this is an equivariant map, taking fixed points yields the isomorphism 
of monoids 

zl^.iX, r){T) ^ Rom^ts (T, Cr{X)) . 

Therefore the map 

Ze«™(X,r)(A,%) ^ [Hom,t, (A'^^, Cr{Xr^)]+ ^ Sing. Zr{X) 

is a homotopy equivalence by Quillen's theorem |FM94[ App Q] on homotopy group 
completions of simplicial abelian monoids. 

Finally the diagram (|4.8p commutes by the naturality properties of the map 
Zeqm{X,r){T) ^ Homet,(T, ZriX)) . By [FVOOl 5.12,8.1], Proposition HH] (ho- 
motopy invariance), and Theorem 14.41 f recognition principle) the upper row of the 
diagram (|4.8p is a homotopy fiber sequence. Comparing the upper and lower ho- 
motopy fiber sequence yields the final statement of the proposition. 

□ 
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Proposition 4.9. For a quasi-projective real variety U , projective real variety Y , 
and compact Hausdorff space T , there is a natural map of abelian groups 

Zeqm{YMU xrT) ^ Hornets (T, Moy^{U, Cq{Y))+) 

given by sending (/, a) to the function t t-^ 

Proof. The map 

Zeqm{Yc,0){Uc xcT) ^ Hom.t, (T, Morc({/c, Co{Yc))+) 

from [FW03| Proposition 3.3] is equivariant and therefore taking fixed points in- 
duces the natural map of abehan groups 

Ze,miY,0){U XkT) ^ Homet, (T, MovMiU, Co{Y))+) . 

□ 

Let y be a projective real variety and U a normal quasi-projective real variety 
of dimension d with projectivization f/ C X and closed complement Xoc — X \ U. 
Write £r{Y){U) C Cr+d{Y xr X) for the submonoid consisting of those cycles of 
dimension r + d on Y x X whose restriction to U is equidimensional of relative 
dimension r over U. This is a constructable embedding. This can be seen by 
arguing as in |Fri98j for the complex case. The subspace topology on this monoid 
agrees with the quotient topology Cr(F)(C/) = £r{Y){U) /Cr+d{Y x Xoo) by the same 
reasoning as in [Fri98[ Proposition 1.8]. The topological group of equidimensional 
cycles is the naive groups completion Zr{Y)(U) = Cr{Y){U)^ . Since these are 
tractable monoids, they are related to equidimensional cocycles via the homotopy 
fiber sequence 

Zr+d{Y X Xoo) ^ {£r{Y){U))+ ^ Zr{Y){U). 

Define the presheaf e{U,Y,r){~) to be the pull-back of presheaves 
e{U, Y, r)(-)C ^ zl^J^iY xX,r + 



z:iL{Y,r){U X -)C ^z:li{Y X U,r + d){-). 

We have for each quasi-projective real variety V the short exact sequence of abelian 
groups 

^ ZeqmiY X X^,r + d)iV) ^ ie{U,Y,r){V))+ ^ Zeqm{Y,r){U xV)^Q. 

Proposition 4.10. Let Y be a projective real variety, U a normal quasi-projective 
real variety, and T a compact Hausdorff space. Then 

e{U,Y,r){T) ^ Rouicts (T, £riY)iU)) 

is an isomorphism. 

Proof. Observe that if is a quasi-projective real variety then the isomorphism 
MorR(F, Cr+d{Y X X)) = zljjl^{Y x X,r + d){V) restricts to give the isomorphism 
MorR(F, £{Y){U)) = e{U,Y,r){V). Here if C is a constructable subset then 
Mor(y, E) C Mor(V, W) is the subset consisting of those continuous algebraic 
maps whose image is contained in E. 

The isomorphism e{U, Y, r){T) ^ Honicts {T, £r{Y){U)) now follows as in [FWOlbi 
Corollary 4.3]. □ 
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Proposition 4.11. Let U be a normal quasi-projective real variety and Y a pro- 
jective real variety. The map of simplicial ahelian groups from Proposition \^.9\ 

Zeqm{YMU X A*„p) Sing.(MorM(C/, Co(r))+) 

is a homotopy equivalence. 

Proof By proposition lilUl we have e{U, Y, r)(A*„p) = Sing, £riY){U). Now by tak- 
ing group completions, tractability of the monoid £r{Y){U) and Quillen's theorem 
[FM941 App Q] we conclude that 

eiU,Y,r)iAl^)+ ^ Sing. ({/)+) 

is a homotopy equivalence. 

We conclude the proposition by comparing homotopy fiber sequences of simplicial 
abelian groups 

ze,«(r X X^,r + d)iAlp) ^ (e(C/,r,r)(A'„p))+ ^ z,^^,iY,r)iU x A^^) 



Sing. Zr+d{Y X Xoo) ^ Smg,{£r{Y){U)+) ^ Sing. Z'-{Y){U). 

The left arrow is a homotopy equivalence by Proposition 14.71 '^e have just seen 
that the middle map is a homotopy equivalence, the right horizontal maps induce a 
surjection on ttq and so we conclude that Zequi{Y,r){U x A'^^) Sing. Z^(Y){U) 
is a homotopy equivalence. □ 

Proposition 4.12. The presheaves Zequi{X, r){A*gp x — ) are homotopy invariant 
in the sense that the map of complexes 

Zegm{X,r){A*^p) Zeqm{X,r){A'^p Xr A^) 

is a quasi-isomorphism. 

Proof. The same argument as in |FW01a| Lemma 1.2]. □ 

The duality theorem for bivariant cycle theory [FVOO| Theorem 7.4] says that 
for real varieties X, U with U smooth of dimension d, the natural inclusion 

(4.13) V : Zeqm{X,r){U {X Xr U,r + d){-) 

induces a quasi-isomorphism of complexes 

V : z^q.^i{X,r){U Xr A* ) ^ Xr [/, r d)(A* ). 

Proposition 4.14. For a smooth real variety U and a quasi-projective real variety 
X the map 

Zeqm{X,r){U Xr A*„p) ^ Z^qmiX X r t/, r + d) ( A*„p) 

is a quasi-isomorphism. 

Proof. Consider the commutative diagram 

Zeqm{X,r){U Xr A^^) ^ > Zequt{X Xr J7,r -|- d)(A*„p) 

(X,r)(t/XRA;xRA-„j,) {X XRt/,r-f-d)(AJ XrA,%). 
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The vertical arrows are quasi-isomorphisms by homotopy invariance. The bottom 
right arrow is a quasi- isomorphism by CoroUarv l4. 51 since 

(X,r)({/xKA^xiy) {X XH{/,r + d)(A; XmW). 

is a quasi-isomorphism for all smooth real varieties W by |FVOO|, Theorem 7.4] and 
therefore the top horizontal map is a quasi-isomorphism as well. □ 

Lemma 4.15. Let Y be a projective real variety and U a smooth real variety. The 
following diagram commutes 

{U XRY,d){Al^) 

I 1 

Sing. MorR(C/, Co{Y))+ — ^ Sing. Zd{U Xj, Y) 
where the vertical maps are the ones from Proposition \4-9\ and Proposition U 



Proof. By |FW03[ Proposition 3.3] the diagram of equivariant maps of simplicial 
sets 

Zequi{Yc,0)(Uc Xc A'^p) > ZeqmiUc Xc Yc,d){A*^p) 



Sing. Morc(t/c, Co(Fc))+ Sing. Z<j(C/c Xc Yc) 

commutes. Taking fixed points yields the result. □ 
Write 

Zeqm(K^''~\0){U) = coker{z,gu,{¥l-\0){U) ^ Zeg™(P^, 0)(!7)) 

for the cokernel of the map of presheaves induced by Pr~^ Q F^. 

Proposition 4.16. Let U be a smooth real variety of dimension d. The sequence 
of natural maps of complexes below consist of quasi-isomorphisms. 

(4.17) Ze«™(A^,0)((7 xr Alp) ^ Ze,«(P^^'"\0)((7 xr Alp) ^ 

Sing.(MorK([/,Co(P^))+ 



Sing. Z^U). 



Sing.(MorR({/, Co(Pr'))+ 

Proof. That the first map of diagram (|4.17p is a quasi-isomorphism follows from 
consideration of the comparison diagram 

z(P"-i,r)([/ x Alp) ^z(P",r)(C/ x A'^^) ^z(A",r)(C/ x Al^) 

\v |x> 
z(P"-i xU,r + d){Alp) z(P" xU,r + d){Alp) z(A" xU,r + d){Alp) 

III 

Sing. Z,+<j(P"-i x U) ^ Sing. Z,+rf(P" x U) ^ Sing. Z,+rf(A" x U). 

The vertical arrows are all quasi-isomorphisms by Proposition 14.141 and by Propo- 
sition |4?7l Because Ck{V) is a tractable monoid, the bottom row is homotopy 
equivalent to a short exact sequence of simplicial abelian groups and therefore the 
top rows are as well. It follows immediately that the first arrow of diagram 14. 171 is a 
quasi-isomorphism. The second arrow of diagram (|4.17p is a quasi-isomorphism by 



22 



JEREMIAH HELLER AND MIRCEA VOINEAGU 



Proposition 14. 1 ll and the last arrow of the diagram is a quasi-isomorphism because 
MorR([/, Co(P5)) is a tractable monoid. □ 

Definition 4.18. If A; < then define Zk{X) to be Zq{X x A"''). 

We can now conclude the duality for real morphic cohomology and real Lawson 
homology. 

Corollary 4.19. Let U be a smooth real variety of dimension d. Then 

Z'iUcf ^ Zd{Al xc Ucf <^ Za-,(Ucf 

is a natural homotopy equivalence. 

In particular it induces the natural isomorphism 

LmW\U) ^ Ld-qHRd-nAU)- 

Proof. This follows from Proposition I4.14i Lemma [4.151 Proposition 14.71 Proposi- 
tion |4?lll and homotopy invariance [dS03a, Proposition 4.15]. Indeed these show 
that the following diagram is commutative and the left hand maps are homotopy 
equivalences, 

ZeqmiK., 0)iU X Alp) ^ z,^„(P^/«-\ 0)(C/ X A*„p) 

I'D 

Ze,u»(A^ X U, d){Alp) ^ zegu^ir^"-^ X U, d)(A*„p) 



Sing.(MorR(C/,Co(Pg)) + 
Sing.(Mors(;7,Co(Pr')) + 

Sing. Zd(Pgxj7) 



-^Sing. Z«(C/) 
■Sing.Zd(A'J X U). 



Sing.Zd(Pr^x(7) 

Therefore the right hand map is also a homotopy equivalence □ 

Combining Friedlander-Lawson's duality between Lawson homology and morphic 
cohomology over C and the duality over M immediately gives an equivariant duality 
theorem. 

Corollary 4.20. Let U be a smooth real variety of dimension d. The sequence of 
maps 

Z^Uc) ^ ZdiUc Xc A^) ^ Zd^,{Xc) 
consists of G- equivariant homotopy equivalences. In particular 

LmW''"\U) ^ Ld-gHUd-n4-m{U). 

for all smooth quasi-projective real varieties U . 

Remark 4.21. A smooth G-manifold M equipped such that the action of G on 
its tangent bundle makes it into a real n-bundle satisfies an equivariant Poincare 
duality, 

P : RP^^iM-Z) ^ 7J„_p,„_,(M;Z). 

In a forthcoming paper we prove that the duality T> is compatible under the cycle 
maps with the duality V . 



VANISHING THEOREMS FOR REAL ALGEBRAIC CYCLES 



23 



5. Compatibility of Cycle Maps 

Generalized cycle maps. Let X be a smooth real variety. The generalized cycle 
map relates motivic cohomology and etale cohomology, 

eye : H^-''^''(X; Z/2) ^ hH^X; m^). 

By |Cox79| the etale cohomology of a real variety is equal to the Borel equivariant 
cohomology of its space of complex points, 

Hlr\x-iiT) = Hl)-\Xc{'C)-Z/2). 

On the other hand morphic cohomology and motivic cohomology agree with 
finite coefficients (see Proposition 15. ip . 

Combining the generalized cycle map in morphic cohomology and the comparison 
map between Bredon and Borel equivariant cohomology 

£''gR9"^-9(X;Z/2) ~>g'?-^-'?(XR(C);Z/2) ^iJ^^~*'(X(C);Z/2) 

together with the isomorphism EI^"'''''(X; Z/2) ^ L9i7R9-'=^9(X; Z/2) gives an- 
other map 

B^j^^'\X;'L/2) ^ LmW-^^\X;'L/2) H^'j^'' {Xc{C);Z/2) ^ hI^~^ [X- ^i®"^). 

In this section we verify that these two potentially different cycle maps are equal 
and we explore a few consequences. In particular this allows compatibility of cycle 
maps allows us to conclude that L1HRi-P'''{X;Z/2'') iJ9-P'«(XR(C); Z/2^) is 
an isomorphism for p > q and for any smooth X. 

Before continuing, we show that motivic cohomology and morphic cohomology 
for real varieties agree with finite coefficients. This is a well-known to the experts, 
but because of the lack of a good reference we prove it below. 

Proposition 5.1. Let X be a smooth real variety. Then for any n > 

H^"'='«(X;Z/n) ^ LmW-''-^X:Z/n). 

Proof. We show that the natural map of simplicial abelian groups 

Ze,„(A«,0)(X X A^)^Z/n ^ Zegm{A'',0){X X a; X A'„p) ® Z/n 

is a quasi-isomorphism which implies the result by Proposition l4. 1 11 and Proposition 
KI^ Write F{U) for the presheaf 

U^TTk {Zeqm (A« , 0) (X X A* X [/) ® Z/n) 

on Sch/M. and Fo{U) for the constant presheaf 

U^nk{zeqmiA'',0){X X A^)®Z/n). 

Restricted to Sm/M. these are homotopy invariant presheaves with transfers. 
Recall |FW02a[ Lemma 3.8] that if F{—) is a homotopy invariant presheaf with 
transfers, Y is smooth, and y S Y{M.) then F(SpecC'yj^) F(]R) is an isomor- 
phism, where Oy y is the Henselization of the local ring OY,y- 

Let H{—) denote either the kernel or the cokernel of the natural transformation 
Fo{—) — > Let y be a quasi-projective real variety and 7 S H{Y). Let 

y — > y be a cdh-covei with Y smooth (in particular it is a wad-cover). Since 
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H{SpecO'~, y) ~ for any y G Y{M.) there are finitely many etale maps Yfc — > F 
such that j\y — and JjYjt ^ F is a uad-covei. 

Therefore Huad = and {Fo)uad — > Fuad is an isomorphism. By Theorem l4.4l we 
conclude that 

i(A^, 0){X X Ag) (g) Z/n) T^kizequii^^, X A* X A'^p) Z/n) 
is an isomorphism. 

An application of the Bousfield-Friedlander spectral sequence finishes the proof. 

□ 

Friedlander- Walker introduce in |FW02a| the equivalence relation of real alge- 
braic equivalence. Briefly two cycles a, /? on a real variety X are real algebraically 
equivalent provided there is a smooth real curve C, two real points co, ci in the 
same analytic connected component of C(K), and a cycle 7 on X x C such that 
a = 7 1 Co and f3 = ^\ci- Since L'^HW''^{X) is the group of codimension q cycles on 
X modulo real algebraic equivalence we obtain the following corollary. 

Corollary 5.2. Let X be a smooth real variety and < r < dim{X). Rational 
equivalence and real algebraic equivalence yield the same equivalence relation on the 
group of r— cycles on X with finite coefficients. 

Recah that Ze,™(P9/«-\ 0)(C/) = Zeg«(P«, 0)([/)/zegm(P«"\ 0)(C/). Write 

■L/2{q){X) = (ze9m(P^^''~\0)(X XR a;) ®Z/2)[-2q] 
Z/2(q)-*(X) = Sing.(ZV2(Xc)«)[-2g] 
Z/2(q)'°P(X) = Homct, (Xc(C) X A'^^, Z/2^{kl)f [-2q] 
Z/2(9)^°'^(X) = Homct, (Xc(C) x EG ^ A'„p, Z/2o(A«))'^ [-2q] 

where we identify a simplicial abelian group with its associated bounded above 
cochain complex. These form presheaves of cochain complexes on S'm/R. These 
chain complexes compute respectively motivic cohomology, real morphic cohomol- 
ogy, Bredon cohomology, and Borel cohomology. Note that Z/2(g), Z/2(g)*°P and 
Z/2((7)^°'" are in fact complexes of etale sheaves on (^m/M). 
There are natural maps between these complexes, 

Z/2(g)(X) A Z/2(q)'^^*(X) ^ Z/2(g)*°P(X) ^ Z/2(g)^°'-(X) 

obtained as follows. From Proposition 14.91 and the projection A* SpecM we 
obtain 

z,qm{^''/'^-\Q){X XrA;) ^SingZ«(X XrA;) ^SingZ-'CXc Xc AJ)« 

which induces Z/2{q){X) Z/2(q)*^*(X). The second map $ is the map (|XTT|) 
and the third map is induced by the projection Xc(C) x EG Xc{C). 

Nisnevich hypercohomology and descent. These cohomology theories may be 
computed as Nisnevich hypercohomology groups. This allows us to view these cycle 
maps as maps in a derived category where we can use a computation of |SV00a| . 
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Say that a cartesian square 
(5.3) V 

f 

is a distinguished Nisnevich square provided the map Y — > X is etale, i : U C X 
is an open embedding, and / : {Y\V) {X\U) is an isomorphism. The Nisnevich 
topology is the Grothendieck topology on Sm/k generated by covers of the form 
UY[Y ^ X where U C X and f : Y ^ X form part of a distinguished square as 
above. 

Given a presheaf of chain complexes F and a closed i : A C B and open comple- 
ment j '■ U ^ B define 

F{B)a = cone(F(B) A F(C/))[-l], 
which fits into the exact triangle 

F{B)a ^ F{B) ^ F{U). 

Say that a presheaf F{~) of chain complexes satisfies Nisnevich descent provided 
that for a distinguished square as in (|5.3p the square 

F{X) ^F{Y) 

F{U) ^F{V) 

is homotopy cartesian. Recall this means that this square induces the Mayer- 
Vietoris exact triangle (in the derived category of abelian groups): 

F{X) F{Y) ® F{U) F{V). 

Equivalently, it means that F{Y)z' F{X)z is an isomorphism in the derived 
category of abelian groups where Z = X\U and Z' = Y\V. 

When a presheaf of chain complexes F{—) (with F(0) = 0) satisfies Nisnevich 
descent then the Nisnevich hypercohomology of a smooth X with coefficients in F 
is computed as 

HP{F{X)) = HP{FN^s{X)) = m%.JX;FN,,) 

(see for example |CTHK97l Theorem 7.5.1] for presheaves of chain complexes, 
|Nis89) for descent in the case of presheaves of spectra, |BG73) for descent in the 
Zariski topology) . 
Note that 

<\7(X; {Z/2{qY'*)ms) = Lm'i-P'^X;Z/2), 

lf^r/{X;Z/2{qf°P) - H™{Xr{C);Z/2), 

m'j^r/iX;Z/2{qfn = Hly{X{C);Z/2). 

In the first case this follows because the motivic complex Z/2{q) satisfies Nisnevich 
descent and Z/2{q){X) Z/2((7)*'**(X) is a quasi-isomorphism of chain complexes 
for all smooth X. 
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Given i : A C B sl closed subvariety with open complement j : U ^ B and write 
C{j) for the mapping cone of j : U{C) C B{C). Then by a comparison of exact 
triangles we see that 

Z/2{qY"P{B)A ^ Home*,. (C(j) A A*„p^+, Z/2o{A^c)f [-2?] 

and 

Z/2{qf°^{B)A Rom^ts, (C(j) A EG+ A A*„p^+, Z/2o{Al)f [~2q]. 
Let F(-) denote either Z/2(g)*°P(-) or Z/2(g)^°''(-) and let 

y — 



be a distinguished Nisnevich square in Sm/M. then 

F(c) — ^ r(C) 



C/(C) — ^X(C) 

is an equivariant homotopy pushout diagram of G-spaces (see for example jDI04] 
). Therefore C(j') ^ is an equivariant homotopy equivalence. Consequently 
F{X)z F{Y)z' is an isomorphism in the derived category of abelian groups and 
therefore 

Fix) ^F{U) 



F{Y) F{V) 

is homotopy cartesian. This means that both Z/2(g)*°P(— ) and Z/2(g)^°'"(— ) sat- 
isfy Nisnevich descent. 

Compatibility of cycle maps. We are now ready to show that two cycle maps 
discussed in the beginning of this section are the same map. 

Lemma 5.4. Suppose that V is a quasi-projective complex variety considered as a 
real variety. Then 7rfcZ/2(q)^'"'(F) = H^J^^J'iV {€);!./ 2). 

Proof. If is a complex variety then (V' Xr C)(C) = V{C) U V{C) and G acts 
by interchanging the factors. In particular G acts freely on Vc(C) and (Vc(C) x 
EG)/G Vc(C)/G — V{C) is a vector-bundle which immediately implies that 
^,Z/2(g)^-(T/) = hX\V{C)-Z/2). □ 

Write ttq : (5TO/M)et ^ {Sm/M.)Nis for the canonical map of sites. 

Proposition 5.5. The complex of etale sheaves TTQ'Z/2{q)^°^ on {Sm/R)et is canon- 
ically quasi-isomorphic to /i®"^. 



VANISHING THEOREMS FOR REAL ALGEBRAIC CYCLES 



27 



Proof. Write W for the etale sheafification of the ith cohomology presheaf of 
Z/2(g)^°''. First we show that W = for i ^ 0. It is enough to show that 
for each real variety X and 7 € W{[Xc{C) x EG]/G\'L/2) that we can find an 
etale covering [Uj X) such that j\uj = for each j. The map Y = Xc X 
is an etale cover for any real variety X. Write 7' = "flv- By the previous Lemma 
H'{YciC) X EG]/G;Z/2) = 7J^„g(y(C); Z/2). Since Y has an etale cover Uj Y 
such that j'luj =0 for each j (see e.g. [MilSOi Lemma IIL3.15] ) we conclude that 
W = OfoT 0. 

When Xc is connected then H°{[Xc{C) x EG]/G;Z/2) = Z/2. More generally 
ii X = UXi is the disjoint union of c connected real varieties then H'^{[Xc{C) x 
EG]/G;Z/2) = This shows H° = Z/2 = 

Finally since W = for i ^ we have canonical isomorphisms 

Z/2 - Horn,, Mf') = Hom^-((s„/R)^^) (^*Z/2(g)^-, ^if) 

□ 

Recall [SVOOai Section 6] that there is an injective etale resolution — > /if"' — > J* 
such that TTo* J* is a complex of Nisnevich sheaves with transfers with homotopy in- 
variant cohomology sheaves. Proposition [5l5] gives a canonical map 7rQZ/2{q)^°'^ —> 
J* and by adjointness we obtain a map 

Z/2(g)^'"- -> MK)*M2®' = K)* 
Consider the following sequence of maps of complexes of Nisnevich sheaves 

(5.6) Z/2(g) ^ (Z/2((7)^^*)iv.s ^ Z/2(g)*°f ^ Z/2((7)^°'^ ^ M(^o)*Mf • 

The complex of Nisnevich sheaves with transfers B2{q) is defined in |SV00a[ 
Section 6] to be the truncation 

-62(9) = T<q(7ro), J* T<g(]R7ro*//f"'), 

in particular H^^^(X; B2{q)) — H^t{X; fif'') for p < q and all smooth X. Since the 
cohomology sheaves of Z/2(q) (and therefore of Z/2((7)*** as well) vanish in degrees 
i > q and so the sequence of maps (j5.6p factors through the truncations, 

(5.7) Z/2(<7) ^ {Z/2{qr')ms ^ T<,Z/2(<z)*°f ^ T<gZ/2{qf°^ ^ i?2(g). 

Remark 5.8. It is important to note that the composites 15 . 61 and 15 . 71 are non-trivial. 
This can be seen, for example, by evaluating on SpecC. The map Z/2(q)(X) 
(Z/2{qY^*)Nis{X) is a quasi-isomorphism for any smooth real variety X by Propo- 
sition [57T] The comparison map (Z/2((7)'***)jvis(C) ^ Z/2(g)*°P(C) is an equality. 
By Proposition [517] below, for any X, the map Z/2(g)*°P(X) ^ Z/2(g)'^°''(X) in- 
duces an isomorphism on cohomology in degrees p < q. Finally since 'Z/2{q)^°^ — > 
RTTQ^fif"^ is obtained as the adjoint of a quasi-isomorphism and SpecC is an etale 
point (of {Sm/R)et) the map Z/2{q)^°''{C) RTTQ^nf^C) cannot be zero. 

Write D^{Nis) (respectively {NSwTfR)) for the derived category of bound 
above complexes of Nisnevich sheaves (respectively Nisnevich sheaves with trans- 
fers). Write DM-{R) C D-{NS'wT/R) for the full subcategory consisting of com- 
plexes with homotopy invariant Nisnevich cohomology sheaves. 
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Theorem 5.9. Let X be a smooth real variety. The diagram commutes 
(5.10) LmWi~^^i{X;'L/2)^ = H^"'''«(X; Z/2) 



m-'''i{Xc{<C)-'L/2) 



H. 



2q-k 



(Xc(C);Z/2) 



Proof. By |SV00a[ Corollary 6.11.1] and the vanishing of the cohoniology sheaves 
of Ij/2{q) above degree g, 

Z/2 = Hom£,M-(R) (Z/2(q), B2{q)) = Hom£,M-(R) (Z/2(g), ttq, J*) . 

Also by [SVOOai Lemma 6.5] the inclusion of bi-complexes 

Hom^Tis {^I2{q), ttq* J') C YiovnNswT (Z/2(g), ttq, J*) 

is an equality. Therefore 

Z/2 = Hom£,M-(R) (Z/2(q), 7ro»J*) = Hom£,-(jv,s) (^/2(g), ttq, J') . 

Finally, the map lj/2{q) ttq, J' obtained from (|5.6p is not trivial by Remark 15.81 
and so we conclude that it must be the cycle map. 

□ 

Applications and computations. As a result of the compatibility of cycle maps 
we can conclude some Beilinson-Lichtenbaum type theorems for morphic cohomol- 
ogy which we need to prove the vanishing theorem. We also use these to make a 
few computations of equivariant morphic cohomology. 

Corollary 5.11. Let X be a smooth real variety. The map 

$ : LiHRi-'''i{X; Z/2") ^ i7'?-'^^'?(Xc(C); Z/2") 

is an isomorphism for q < k and a monomorphism for g = fc + 1. 



Proof. Consider the commutative diagram (|5.10|) . By |SV00a| the Milnor conjec- 
ture, proved by Voevodsky |Voe03| . implies that eye is an isomorphism for k > q and 
an injection for k = q — 1. This immediately implies the statement for injectivity. 
li k > q then since eye is an isomorphism we conclude that H"^^^ {Xc{'C);'L/2) 
H^1~^{X; /x®*) is a surjective map between finitely dimensional Z/2- vector spaces. 
By jCox79j these are isomorphic Z/2-vector spaces and therefore the map is an iso- 
morphism. Since 7?^~'^''^(A'c(C); Z) H'^~^ {Xc[X)\'L/2) is also an isomorphism 
for A; > g by Proposition [57T7] we conclude that <i> is also an isomorphism for k > q. 
This yields the result for Z/2-coefficients. 

We have the following diagram of distinguished triangles in (Nis) : 



T<qZ/2{qY°P ■ 



T<,Z/A{qy''P 



■ T<qZ/2{qY°P ■ 



■T<,Z/2{qY°P[l], 



To see that the bottom row is a triangle in D~{Nis) it is enough to check that the 
map on cohomology sheaves W^(r<gZ/4(g)*°'') 7i'^{T<qZ/2{qY°P) is a surjection. 
This follows from the surjectivity of the composition 

H'iZiq)) ^ n''iT<gZ/4iqy"P) ^ ?^«(r<,Z/2(g)*°P). 



VANISHING THEOREMS FOR REAL ALGEBRAIC CYCLES 



29 



which is a consequence of the local vanishing of Ij{q) and the quasi-isomorphisins 
Z/2(g) B2{q) and T<ciZ/2{qy°P -62(9). Now the conclusion follows from 
the long exact sequence in hypercohoniology associated to the diagram. Using 
induction on n we conclude that $ : (Z/2"(g)'*^*)jvis r<gZ/2"(g)*°P is a quasi- 
isomorphism. □ 

Corollary 5.12. Let X be a smooth complex variety. For any n > the map 

$ : L«i/2g-fe(j^.^/2") ^ ijf/„"/(X(C);Z/2") 

is an isomorphism for any q < k and a monomorphism for q = k + 1. 

Proof. Follows immediately from Corollary 15.111 by viewing X as real variety. □ 

Corollary 5.13. Let X be a smooth real variety and k > 0. The cycle map 

$ : L''HW^''{X;'L/2^) H'''" {Xc{C);Z/2^) 

is an isomorphism if r < (and s < q) and an injection if r — 1 (and s < q). 

Proof. Write Fq = hofib(ZV2'=(Xc) Map(Xc(C), Z/2§(A«))) for the homotopy 
fiber of the cycle map. The homotopy fiber construction is equi variant and yields 
an equivariant homotopy fiber sequence 

Fq ^ zy2\Xc) ^ Map(Xc(C), Z/2g(A^)). 

By Corollary EH and Corollary[EIl]both TTkiFq) = and TTk{F^) for fc > q-l. 
Therefore is equivariantly weakly contractible for (7 > 1 and if g = then Fq 

is equivariantly contractible. The result follows now from the long exact sequence 
of homotopy groups applied to the equivariant homotopy fiber sequence 

n'i-^Fq ^ r!«-iZV2'=(Xc) ^ r!9-iMap(Xc(C), Z/2§(A«)). 

□ 

Corollary 5.14. Let X be a smooth real curve. Then 

L'^HW'''{X;Z) i?'^'"(Xc(C);Z) 
is an isomorphism for any q > 0, r < q, and s < q. 

Proof. By Poincare duality for real Lawson homology and equivariant morphic 
cohomology and Remark g^Il Lm'''''{X;Z) ^ if''*(Xc(C); Z) for q > 1. By 
CorollaryEH L^HW'^X; Z/2'=) ^ H''^'{X- 'L/2^ ) is an isomorphism for r, s < 0. 
When A is an abelian group and 2 is invertible in A then a transfer argument shows 
that 

L^EW'^X-^A) ^ H''''{X;A). 

This isomorphism and the one with mod-2'^ coefficients give the result of the corol- 
lary. □ 

Corollary 5.15. Let X be a smooth real surface. Then for any k > 

L''HW''{X;I./2'') H^'^%Xc{C);Z/2^) 

is an isomorphism for q = and r, s < and it is an injection for r = 1 and s < 1. 
Moreover L^HR^^^X; Z/2'=) = for s < -2. 

Recall that ttoZ'^{Xc)'^ is the group of codimension q cycles on X modulo real 
algebraic equivalence. 
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Corollary 5.16. Let X he a smooth real variety of dimension d. Then for any 
k>0 

is an isomorphism for any r < and s < 1 and it is an injection for r = 1 and 
s <1. Moreover 

L^HM.^'HX:Z/2'') = CH^X) (g> 1/2'' C ij'^'^(Xc(C); 

L^HR^''{X;Z/2'') =0 for s < -2 

Proof. All statements follow immediately from Corollary 15.131 except the last one. 
The first part of the last statement follows from Proposition 15.11 For rest of the 
last statement, by Corollary 15.131 together with Proposition 15 . 1 71 we haye 

L^HR^^%X;Z/2'') ^ g^'"(Xc(C); ^ H^+'{Xc{C); A) =0 

for 1 + .s < 0. □ 

We finish this section with the computation used in Corollary 15.111 that Bredon 
and Borel cohomology agree in the range releyant to the Beilinson-Lichtenbaum 
conjecture. 

Proposition 5.17. Let W be a G-CW complex, M a G-module, and M_ the asso- 
ciated constant Mackey functor. The map 

H'^^'i{W;M_) X EG;M_) 

is an isomorphism for m < and it is an injection for m = I. 
In particular for q < p the map 

H'^-P'^W ■,Z/2) ^ Hl'j-P{W,Z/2) 

is an isomorphism and an injection for p = q — 1. 

Proof. Define EG = colim„ 5"'". This space fits into a homotopy cofiber sequence 

EG+ S" ^ EG 

and EG/G ~ S^-° A BG. 

First we consider the case that G acts triyially on W. From the preyious homo- 
topy cofiber sequence we obtain the homotopy cofiber sequence 

(5.18) W+ A EG+ ^ ^ A EG. 

Since G acts triyially on W we haye that (W+AEG)/G = W+AEG/G ~ W+AS'^-V 
BG and therefore H''^°{W+ A EG;M) = H^~,l{W+ A BG; M) = if fc < 1. Notice 
that S°-^AEG = S"'^! Acolim„ S*"^" = colim„ ^ EG. Since EG ^ S^-^AEG 

is an equiyariant equiyalence this induces an isomorphism 

H'''%W+AEG;M)=H''''^{W+AEG;M) 

for all s and therefore A EG,M_) = for fc < 1 for all s. Now from the 

long exact sequence associated to the cofiber sequence (|5.18p it follows that for all 
q the map i?™'«(W;M) iJ™''?(T^ x EG;M) is an isomorphism for m < and 
an injection for m = 1. 

Consider now a general G-GW complex W and consider the quotient W jW'^ . 
Since G acts freely on the based space W jW'^ we haye the isomorphism 

W'\X/X^-M) ^ W^\XIX'^ AEG+]M). 
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Applying the five lemma to the comparison of long exact sequences obtained from 
the cofiber sequences Wf^W+^ W/W^ and {W^ x EG)+ [W x EG)+ 
W/W'^' A EG+ yields the result. 

□ 

6. Vanishing Theorem 

Let X be a real variety. Continue to write G = Z/2 and cr S G for the nontrivial 
element. Recall that the reduced real cycle group is defined to be the quotient 
topological group 

This is the free Z/2-module generated by closed subvarieties Z (~ X such that both 
Z and Zc are irreducible. In particular, if X is a complex variety viewed as a 
variety over R then Tiq{X) — 0. 

Reduced real Lawson homology of X is defined by the homotopy groups of this 
space, 

i?L,i?„(X) =7r„_,7^,(X). 
In this section we prove our main theorem which we state now. 

(Theorem I6.10p . Let X he a quasi-projective real variety. Then 

nkTZn{X)^RLr.Hk+n{X)=0 

for k > dim X — n + 1. 

To avoid difficulties with point-set topology below we work simplicially. Note 
that if X is a G-space then Sing, X is a G-simplicial set and Sing, (X^) — (Sing, X)'~^. 
If At is a G-simplicial set then \A'^\ = \A,\^ (see for example jDug05, Lemma A. 5]). 

Definition 6.1. (1) Let be a G-space. Write 

Zl/W) = Rom^ts {W X A-„p, Zo(A^)) , 

and 

Zy2top{W) = Rom,ts {W X A'^^, Z/2o(A«)) . 
These are simplicial abelian groups and G acts on them by the standard 
formula {af){x) — af{ax). 
(2) Let AT be a normal quasi-projective real variety. Write 

Z«(Ac) = Sing, Z\Xc) 



and 

We have 
and 



ZV2(Ac) = Sing, ZV2(Ac). 
TrkZl^{Xc{<C)f - i7«-^-'«(Ac(C),Z) 



7rfeZ«(Ac)^ = L'iHM?'i-^{X;Z) 
and similarly for the mod-2 groups. In particular if A is a complex variety viewed 
as a real variety then Ac(C) = A(C) ]J A(C) (with G-action switching the factors) 
and so 

T,kZl^{Xc{C) f - Z) and 7rfcZ«(Ac)« = im^'^-^X- Z) 
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and similarly for the mod- 2 groups. 

The comparison maps p. lip of simplicial abelian groups 

$ : Z\Xc) ^ Zlp{Xc{C)) and $ : Z" l2{Xc) ^ ZV2t<,p(Xc(C)) 

are G-equivariant for any quasi- projective real variety X . 

If M, is a simplicial G-module write = 1 + cr : M, M, and define M"" to 

be 

Af™ = Im{N) = /m(l + a : M, ^ M,). 

Definition 6.2. Let be a G-space. Define the group of reduced topological 
cocycles (of codimension q) to be the quotient simplicial abelian group 

^ Hom,,, {W X A'„p, Z/2o(A^))" ^ ZV2top(Ty)g 
Honiet, (ly X A'„p, Z/2o(A«))™ ZV2top W ' 

To relate the space of reduced algebraic cocycles with the reduced topological 
cocycles we introduce the following auxiliary simplicial set for X a quasi-projective 
normal real variety: 

z'i/2iXcf 



n^x) = 



Z'il2{XcY-" 



Proposition 6.3. Let X be a normal quasi-projective real variety. The following 
diagrams commute and the horizontal rows are short exact sequences of simplicial 
abelian groups (and therefore in particular the horizontal rows are homotopy fiber 
sequences of simplicial sets) 



(6.4) 



and 
(6.5) 



G . 



Zy2{Xc) 



zy2top{Xc{c)y 



zy2{Xc 



zy2top{Xcic)r'' 



■Zil2{Xc) 



N 



zy2topiXc{c)) 



zy2{Xc)' 



N 



zy2topiXc{c))^ 



zy2{Xcy 



zy2top{Xc{c))'' 



■nyx) 



■7^Lp(Xc(c)). 



Proof. These diagrams commute because $ is a G-homomorphism. 

Whenever M is a G-module whose underlying abelian group is 2-torsion then 

the sequence of abelian groups M'^ M M"-'" ^ is exact. 

In particular the underlying sequences of simplicial abelian G-modules in the 
first diagram form short exact sequences of simplicial abelian groups. 

In the second diagram the horizontal rows form short exact sequences by defini- 
tion of R^-) and Rf^pi-). □ 



By definition we have 



N 



(Sing. Zy2iXc)r = Im(Sing. ZV2(Xc) ^ Sing. ZV2(Xc)) 
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There is a natural map i : (Sing, ZV2(Xc))'''' Sing,(ZV2(Xc)'''') which is 
simply 

*(/ + /) = / + / 

for a continuous map / : Af^^ Zy2{Xc}. The map i : (Sing, ZV2(Xc))''" ^ 
Sing.(ZV2(Xc)'"') induces a map 



(6.6) i : TViX) Sing, WiX). 

Lemma 6.7. Let X he a normal real projective variety. The map 116. 6\} of simplicial 
abelian groups 

n\X)^ Sing,7^9(X) 

is a homotopy equivalence. 

Proof. By Proposition the maps Zy2{Xc)/ Zy2{Xc)^ -> Zy2{Xc)'''' and 
Z9(Xc)''V2Z«(X)'^ Zi/2{XcT'' are isomorphisms of topological groups. There- 
fore both 

^ zy2{Xcf ^ zy2{Xc) ^ zy2{XcT^ ^ 

and 

^ zy2{XcT'' zi/2{Xcf nyx) ^ o 

are short exact sequences of topological abelian groups. These groups all have the 
homotopy type of a CW^-complex and therefore these sequences are homotopy fiber 
sequences jTehOS] . Applying Sing, to these homotopy fiber sequence and comparing 
with the homotopy fiber sequences of the top rows of l6.4l and l6.5l gives commutative 
diagrams of homotopy fiber sequences of simplicial sets: 



zy2{XcY 



■zy2{Xc) 



zy2{x^ 



Sing, Z/2«(Xc)'^ Sing. Z/2\Xc) Sing, Z/2«(Xc)"^ 

and 

(6.9) ZV2(Xc)™ ^ zy2{Xc)'^ ^ ■R.'J{X) 



Sing, Z/2«(Xc) 



G . 



Sing.7^nX). 



Sing, Z/2{Xcr - 

From the first diagram we see that i : Z'i /2{XcY'' ^ Sing,(ZV2(Xc)"'') is a 
weak equivalence of simplicial sets and consequently from the second diagram we 
conclude that 

TV{X) ^ Sing, 7^«(X) 
is a weak equivalences of simplicial abelian groups and therefore is a homotopy 
equivalence of simplicial sets. □ 

We now prove our main theorem. 
Theorem 6.10. Let X he a quasi-projective real variety of dimension d. Then 

RL,,H^+k{X) = ^kn.n{X)=Q 

for k > d — n + 1. 
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Proof. Wc first consider the case when X is a smooth projective real variety. 

In case n = d = dim{X) we have that 

TZd{X)^ ^rfl-^c)^ =Z/2><^ 

where c denotes the number of irreducible components of X which are not defined 
over C. 

Therefore TTo{nd{X)) = Ij^^" and ^:^{^li(X)) = for i > 0. 
Consider the comparison of homotopy fiber sequences (|6.4p for q > 0. 



(6.11) ZV2(Xc)^ 



ZV2top(Xc(C))^ 



N 



ZV2top(Xc(C)) 



N 



■Z'i/2{Xcr 



ZV2Lp(^c(C))" 



By the Milnor conjecture (see CoroUarv I5.12p the comparison map <& induces an 
isomorphism on tt^ for k > q and induces an injection for k = q — 1. By Corollary 
IS.lll the map ^J)*^ induces an isomorphism on tt^ for k > q and induces an injection 
for k = q — 1. We now conclude by the 5-lemma that induces an isomorphism 
on TTfc for k > q + I. When k = q we have the comparison diagram: 



(6.12) 



7r,ZV2^ 



■7r,ZV2- 



7r,Zy2 



top 



top 



Tq-1 



and so induces an injection for k — q. 

Considering now the comparison diagram (|6.5p and using the five-lemma we have 
that $ induces an isomorphism on nk for k > q + 2 and an injection for k = q + I. 

By Corollary [ni nkTZtpiXciCj) = iJ«-'^(X(M), Z/2) for k > 2. In partic- 
ular 7rfe7?.'(X) = for k > q + I, when g > 1. By the homotopy equivalences 
TZ'^iX) ~ Smg,ni{X) (see Lemma HJ]) and the duality jTehOSl Theorem 5.14] 
between reduced cycle and reduced cocycle spaces TZ'^{X) ^ TZd-q{X) the vanish- 
ing TTkTZ'^iX) = for /c > (7 -f 1 is equivalent to the vanishing TTkTZn{X) = for 
k > dim X — n + I. 

Now let X be a smooth quasi-projective variety and let X C X be a projective 
closure with closed complement Z = X\X . The result follows from the projective 
case and the long exact sequence in homotopy groups induced by the homotopy 
fiber sequence 

7e„(z) ->7^„(x) ^7e„(x). 

Finally let X be an arbitrary quasi-projective variety. There is an increasing 
filtration of closed subvarieties 

= X_i C Xo C Xi C • • • C Xrf = X 

such that Xi-^-i\Xi is smooth and dimX^ — i. We proceed by induction, the case 
i = is done. Consider the long exact sequence which arises from the homotopy 
fiber sequence 

Tln{Xi) TZn{Xi+i) — > TZn{Xi+i\Xi). 
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Since the result holds for Xi by induction and for Xi+i\Xi because it is smooth we 
obtain the result for Xi+i. □ 

Remark 6.13. If X is a projective smooth real variety of dimension d it is proved 
in [Teh05[ Theorem 6.7] that 7^fe(7^d-l(X)) = for any /c > 3. Theorem [OO] in 
case n = d — \ improves this vanishing bound. 

Example 6.14. If n = and if X has no real points then TZa{X) = and so 

RLoH,{X) = 7^,7^o(X) = i7f "^(^(M), Z/2) = 0. 

Let F{M) denote the space of complex lines in the quaternions H = C©jC where 
= —1. Multiplication by j defines an involution on P(IHI) and write Q for the 
corresponding 1-dimensional real curve. We know that Q is the smooth real curve 
-^2 -\- + — in Pg. This is the Severi-Brauer variety corresponding to the 
non-trivial element of Br{M.) ~ Z/2 and has no real points. This means TZo{Q) ~ 
and TZi{Q) = Z/2. Thus in this case, 

= RLqHq{Q) = RLoHiiQ) = Ho{Q{R),Z/2) 

and 

Z/2 = RLiHiiQ). 

Let X — SP^'^^^{Q) be the smooth projective real variety given by an odd 
symmetric power of Q. Because Xc = Pc(IHI'^+^), we have TZ'^'^iX) = Z/2 and 
-jl^q+if^X) = for any 2q<2d+l (see [LLFMOSi Theorem 2.3]). This imphcs that 
the only nonzero reduced Lawson homology groups of X are RL2r+iH2r+i{X) — 
Z/2 for any r < d. Notice that in this case dim{X) = 2d+ 1. 

These computations show that the vanishing in the above theorem is best pos- 
sible, even in the case of a real variety with no real points. 

Example 6.15. According to |Lam90j . i?Lr-ffn(PR) = Z/2 for any < r < n < d 

and RLrHn{^^) = for any n> d. 

We also obtain the following vanishing result. 
Corollary 6.16. Let X he a smooth projective real variety of dimension d. Then 

"2Zp(Xc)'^- 

forn >2d-2p+l. 

Proof. By the Corollaries 1 5 . 1 21 1 5 . 1 ll I A . 5 1 and 14 . 201 we conclude that 

''"2Z,(Xc)^ " 

for n > 2d — 2p + I from the long exact sequence in homotopy groups induced by 
the short exact sequence |Teh081 Proposition 4.3] 

(a^7^ Z.jXcr ZpjXc) z.jXcr . n 

^ ' 2Zp{Xcr 2Zp{Xc) 2Zp{Xcr 



Consider the short exact sequences of topological abelian groups 
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Multiplication by 2 induces a homeomorpliism 

and plugging the vanishing for honiotopy groups of TZp{X) into the above exact 
sequence yields the result. □ 

Remark 6.18. Using the same arguments as in Theorem 16. 101 shows that the van- 
ishing in CoroUarv 16 . 161 holds for any quasi-projective real variety. 

Example 6.19. Let X = P^. Then 



for any n > 2d — 2p + 1. li p = d, then 



d \ av 



If p = then, for any real projective variety X , 

{^^T^^=HAX{C)/G^I.I2) 



2Zp{XcY\ 

These computations show that the vanishing bound of Corollary 16.161 is the best 
possible. For these computations see |LLFM05] . 

The following corollary shows that in a range the morphic cohomology of a real 
variety X can be computed by the honiotopy groups of average cycles on X. 

Corollary 6.20. Let X he a real quasi-projective variety. Then 
for any q > dim{X) — p + 1. 



Proof. This follows from Theorem 16.101 together with the long exact sequence of 
homotopy groups associated to the homotopy fiber sequence 

^ ZpiXcr ^ Zpi^cf ^ 7^p(x) ^ 0. 

□ 

Example 6.21. (1) In case of divisors p ~ dim{X) — 1, CoroUarv 16.201 and 
[TehOSi Proposition 6.2] show that 

^^{ZpiXcD = 

for any q>2. 
(2) In the case of zero-cycles p = 0, we get 

i/fc,o(^(C),Z) ^fffe(X(C)/G,Z) 

for any k > dim{X) + 1. 

We conclude this section by observing that the vanishing theorem also shows that 
motivic cohomology of a real variety can be computed in a range via the complex 
of averaged equidimensional cycles on the complexification. 
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Let X and F be a quasi-projective real varieties. The group of reduced equidi- 
mensional cycles is defined to be the quotient group 

r (Yr)(X) - ''-1-^0^C,r){Xcf 
^'"^ ' Ze,™(ic,r)(Xc)-- 
It is essentially a consequence of Suslin rigidity that the complex of reduced 
equidimensional cycles computes the reduced Lawson homology. 

Proposition 6.22. Let X be a quasi-projective real variety. 

(1) The diagram 

r,,^,{k\q){X X A*„p) ^ re,„(P'/''-\(7)(X x A'^^) ^ Sing.7e«(X) 

consists of homotopy equivalences of simplicial sets. 

(2) The map 

re9»(P*/''-\0)(X X A') ^ re,„(P«/«-\0)(X x A' x A'„p) 

is a homotopy equivalence of simplicial sets. 

Proof. The proof is similar to other proofs in this paper so we only provide a sketch. 
First observe that the simplicial abelian group of reduced equidimensional cycles 
may be computed as 

_ {ze,m{Yc,r)(Xc)®'L/2)G 

Using Proposition 14.111 and the appropriate analogues of the homotopy fiber se- 
quences (|6.4I) and (|6.5p we see that 



r (rQ)(X'.:±' ) : (Sing.Morc(Xc,Co(P^))+/2)g 
r,,„(F ,Uj(A A,„pJ -> (Sing.Morc(Xc, Co(P^))+/2)- 

is a homotopy equivalence. The first part follows now in a similar fashion as Propo- 
sition |3?lll The second part follows from the fact that both over C and over R with 
finite coefficients motivic cohomology agrees with morphic cohomology. □ 

Corollary 6.23. Let X be a quasi-projective real variety. Then 

H%{X-Z{q)) = ^25-p^e,™(A«,0)(Xc xc ^'cr 

for q — 1 > p 

7. Reduced Topological Cocycles 

For typographical simplicity throughout this section we write Z = -Z/2o(5'''')o. 
This section is devoted to the computation that TrkTZlgp{W) = H'^~^g{W^ \'L/2), for 
k >2, where itfopi^) is the quotient simplicial abelian group 

Hom,,,.(M/AA,V+,Z)™ 

and is a based finite G-CW complex. 

The idea is to reduce to the case of trivial action. Before doing this we sketch 
what happens when G acts trivially on W . By [LLFM031 Proposition 8.3] the short 
exact sequence 

^ Z/2o(5«'«)S'' ^ Z/2o(^«'«)^ 7^o(5''''')o ^ 
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is a fibration sequence (in fact principle fibration sequence) of topological spaces. 
Applying Hornets, {W A A'^p _^^, — ) to this sequence yields a homotopy fiber se- 
quence of siniplicial sets. Now we compare the homotopy fiber sequences of simpli- 
cial abelian groups 

Hom {W A A?„p^+, Z)™ ^ Hom {W A A'„p,+ , zf^ TZlp{W) 

I l~ I 

Hom {W A A?„p^+, Z--) Hom {W A A,%_+, Z^) ^ W{W), 

where W{W) = Hornets. {W A A?„p_+, 7eo(S'«'«)o) • We will see that when W has 
trivial G-action then the left vertical arrow induces an isomorphism on tt^ for fc > 1 
(see Corollary [ZH). Therefore TTiTll^piW) = tt,W{W) = Hl~^g{W]Z/2) for i > 2 
when W has trivial G-action. 

For a based G-CW complex W and a topological G-module Z, write 

Hom,t,. [W, Zf^ 

for the set of based equivariant maps which are equivariantly homotopic to the 
0-map (via a based homotopy). 

Lemma 7.1. Let W he a based G-CW complex and let Z be a topological G-module. 
The simplicial set 

d^Uom^ts, {W A Aip^_„ Z)'^ 
is the path- connected component of the vertex € Hornets. {W A A'^p +, Z^'~^ . 

Proof. A vertex g G Hornets, {W A A'^p^^, Z)*^ is in the same path component as 
the 0-map if and only if there is a 1-simplex F G Hornets, (W A Aj^^ Z)^ such 
that F{0) — and F{1) ~ g. This happens exactly when g e Hornets, {W, Z)f^. 

A c?-simplex, f -.W A Afe,p ^ ^ Z is in the path-component of if and only if its 
restriction to a vertex is in the path component of 0. Since A^^^ ^ is equivariantly 
contractible and the restriction f\w r\{v}^ to a vertex is equivariantly homotopic to 
the constant map we conclude that / itself is equivariantly homotopic to 0. 

□ 

Definition 7.2. Let be a based G-CW complex. 

(1) Define Hornets. (W A A'^^^^, Z^^^ to be the path-connected component of 
the vertex in the simplicial set Homcts. {W A A'^^ Z)"". 

(2) Define 

Horn,.,. (H'AAr„,,^,2)" 

here the quotient is in the category of simplicial abelian groups. 

Restricting to W^ gives rise to the comparison map 

Kop{W)o -> nlpiW) Homets. A A*„p,+ , Z/2o(5^)) . 

Note that TTiTZlgp{W)o TTiTZjgp{W) is an isomorphism for i > 2 and an injection 

for i = 0,l. To compute TTiTZl^piW) we will show that :^Lp(W^)o ^ TilopiW^)o is 
an isomorphism. The surjectivity is easy but the injectivity takes some work. 
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Proposition 7.3. Let i : A ^ W be an equivariant cofibration between based 
G-CW -complexes and let Z be a topological G-module. Then 



Hornets, {W, Z)'^ ^ Hornets. {A, Z)'^ 



is surjective. 



Proof. Suppose that / : A — > Z is a based equivariant map which is based equiv- 
ariantly homotopic to the O-map. Let H : A A ^ Z be an equivariant homotopy 
such that H{-, 0) = and H{-, 1) = /. 

By the homotopy extension property of cofibrations, an equivariant map H' 
making the diagram below commute exists 

WA{o}+UA.m,A^i+^z 

W AI+^ 

The restriction oi f — H'{—,1) to A is equal to / and H' is an equivariant homo- 
topy between /' and the O-map. □ 

Corollary 7.4. Let i : A ^ W be an equivariant cofibration between based G-CW- 
complexes. The induced map 

is a surjection. 

Proof. Consider the square 

Hom,t,. {W A A'„p_+, Z)^ Hom,*,. {A A A'^^^^, Z)^ 



By the previous proposition, the top horizontal arrow is surjective. The vertical 
arrows are surjective by definition and therefore the bottom horizontal arrow is also 
surjective. □ 

For a based CVF-complex W and a topological abelian group Z we will write 
Homcts, {W, Z)q for the set of based continuous maps which are based homotopic 
to the O-map. Note that the simplicial set 

d^Rom^ts, {WAAt^^^, Z)^ 

is the path-connected component of the vertex G Homcts, (W A A'^p _|_, Z) (for 
example consider W and Z with trivial G-action and apply Lemma 1 7. ip . If Z and 
W have a G-action write (Homcts. {W, Z)q)°^ for the image of = 1 + a. This 
set consists of maps h : W ^ Z which can be written as /i = / + / where / is a 
continuous map which is nonequivariantly homotopic to 0. 

We now justify the use of similar notation for two potentially different simpli- 
cial sets. Previously we wrote Homcts, (W A A'^y .,., Z)^ for the path-component 
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of the vertex G Hornets, ^^top+: ^) ■ We now verify that this path- 
component can be described expHcitly as the image under = 1 + cr of the path- 
component of e Hornets, {W A A*Qp _|_, . In otherwords Honicts, (W A A'^^ ^j,, 2 
(Homcts, {W A A'gp _|_, Z)^)"". This expHcit description will be fundamental to our 
proof of Proposition 17.61 below. 



av 

'a 



Proposition 7.5. Let W be a based G-CW -complex. The simplicial set 

is the path- connected component o/ G Honicts. 

Proof. First we identify (Hornets. {W, as the set of vertices of the path- 

connected component of G Homcts. {W, Any f + f £ (Hornets. {W, Z)f^)°-'" 

is in the path component of 0. Suppose the vertex h -\- h G Hornets, (W, Z)""^ is in 
the same path component as 0. This means there is a map of simplicial sets 

F:I^ Honiets. {W A A'„p,+, Z)"" 

and F{1) — h + h. Consider the diagram of simplicial sets, 



such that F{0) 



{0} 



■Homets, {WAAlj,^^, Z) 



F' 



N 



■Homets, (t^AA'^p ^., Z 



A surjection between simplicial abelian groups is a fibration and therefore an F' 
exists to make the above square commute. 

The map F'(l) : ^ Z is in Homets. (VF, Z)^ and satisfies 



F'(l) -f F'{\) = A^(^^'(l)) = F(l) = h + h. 

We conclude that (Homcts, (W^, 2)^)"" is the set of vertices of the path-connected 
component of the G Hornets, (W^, Z)°^. 

Now to conclude that the simplicial set d ^ (Homets, (W^^^fop+i ^)o)°^ 
the path-connected component of we need to see that if the restriction <7|wa{«}+ 
of <7 G Homets, {W A AJ'„p_+, Z)"" to a vertex v G AJ'^p lies in (Homets, (W^, Z\Y'' 
theng G (Homets, {W A AJ^^^ ^, Z)^)-- . That is, if 5 G Homets. {W A AJ^^^^^, Z)"" 
and that there is a map f : W Z which is homotopic to such that the restriction 
of g to some vertex v G A"e,p satisfies g\w/\{v}+ = f + f then we need to see that g 
can be written g = f + f for some f : W A A^^^ _|_ — > Z which is homotopic to 0. 
For this we consider the lift /' of g, 



A'' 



■ Hom, 



cts. 



(M/AA,V+,^) 



N 



■ Hornets, {W A A* 



top.+ ' 



The map f -.WA AJ^^^ ^ Z satisfies f' + f'^ N{f') = g, the restriction of /' to 
V G A"e,p is homotopic to the 0-map and, since A"gp is contractible, /' is homotopic 
to the 0-map as well. 
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Therefore we conclude that 
is the path-component of in Honicts* A A^^^ 

Proposition 7.6. Let i : A ^ W be an equivariant cofibration. Then 
nlpiW/A)^ - ker[^Lp(W^)o ^ ^Lp(^)o]. 

Proof. Suppose that [/] £ ker(7tiop(M^)o ^ 7tfop(A)o) is a d-sunplex. Then [/] 
is represented by an equivariant map f : W /\ A^^^ ^ Z which is equivariantly 
homotopic to 0. Since i*[f] = this means that i* f S Hornets, {A f\ /^f^^ j^, -Z)™. 
Thus there is a continuous map h : A h Af^^ ^ Z, (noncquivariantly homotopic 
to 0), such that i* f = /LaA'' ^ h + h. Since h is (noncquivariantly) homotopic 

top,+ 

to the 0-map, h : AAAf^p ^ Z extends to a continuous map h' : W AAf^p ^ ^ Z 
which is (noncquivariantly) homotopic to the 0-map. 

Explicitely, let _ff : ^ A Af^p A /+ ^ Z be a homotopy such that iJ(-, 0) = 
and H(—, 1) = h. By the homotopy extension property for cofibrations, the dotted 
arrow exists in the diagram 



A A Af„p+ A /+ 1J^^A?„^.+A{0}+ W A Aip^+ A {0}_ ™ 

H' 



WAAi^^+Al+. 

Now H'(—,l) = h' is the desired extension of /i, iJ' is a homotopy between h' 
and the 0-map and F =^ / — (ft,' -|- h') represents the same class as [/]. Since 
^UaAj* + ~ ^ ^ defines the map F' : W/A A A^^j^ _^ — > Z such that 

F = p*F' : W i W/A A A^^^^ Z. 

Therefore 

nlp{W/A)o ker(z* : 7^,%(W^)o ^ ^Lp(^)o), 
because p*[F'] = = [F] = [/]. □ 

Lemma 7.7. ('c./. |LLFM03l Lemma 8.8]j Suppose that A, is a simplicial G- 
module. Then 

Proof. Let f, : C, be a map between simplicial sets, then | Im/, | = Im |/, |. 

The lemma follows since (—)"'' is defined to be the image of the map N = 1 + a. □ 

Proposition 7.8. Suppose that Y = \Y,\ is the realization of a based G-simplicial 
set. Then Zo(r)o -Zo(y)g'' and Z/2o(y)o ^ Z/2o(F)g'" are Serre fibrations. 

Proof. If y is a based set and A is an abehan group then define A®Y = (By^Y\{*}^- 
If y, is a based G-simplicial set then A (g) Y, is a G-simplicial set. In case A = 
Z or A = Z/2 we have Z(|y.|)o = |Z®y.| and Z/2o(|y.|)o = |Z/2«)y.| (see 
[dS03b|.lMcCB9] ). The map Z F, ^ (Z (g) Y.)"" is a surjection between simplicial 
abelian groups and so is a fibration of simplicial sets and similarly for Z/2 ® Y, 

(Z/2(8)y.)™- 
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The realization of a Kan fibration is a Serre fibration and therefore both Zq(Y)q = 

|Z®y.| ^ |(Z®y.)™| = Zo{Y)^" and Z/2o{Y)o = \Z/2(»Y,\ ^ |(Z/2®y.)™l = 

Z/2o(5^)™ are Serre fibrations of topological spaces. □ 

Below we apply this proposition to the cases Y = S''''' and Y — S'' '' A Z/2+ 
so we make explicit that these are realizations of G-simplicial sets. We consider 
Z/2 as a simplicial set in the usual way. The simplicial set S"^'" is the ordinary 
with trivial action. The simplicial set S^'^ is the simplicial whose nondegenerate 
simplices are two vertices {0} and {00} and two 1-simplices. The G-action fixes 
the vertices and switches the 1-simplices. The realization of this simplicial set is 
the usual 3°^^. Now S'P'« is the G-simplicial set Sp^i = {S^'")''p A and its 

realization is the usual S^'''. 

Lemma 7.9. Let W be a based G-space with trivial action. Suppose that Z is a 
topological G-module such that Z is a Serre fibration. Then 

Hom,t,. iW A A*„p^+, Zy^ = Hom,*,. [W A A'„p,+ , Z™)^ . 
Proof. Since W and A^^p have trivial actions, 

Hom,*,. {W A A,%,+, Z/2o(y)o)o'' ^ ^om^t,, [W A A'„p^+, Z/2o(r)S'')„ , 

and we wish to see that it is onto. 

Suppose that f : W /\ ^fop + ^ ^ map which is homotopic to 0. Let H 

be a homotopy between and / and let H' be a lift of H , 



w ^^tp,+ ^{^}+^^z 



H' ^ ' 

N 

W^AA^„p,+ A/+— ^Z™, 

which exists because the right-hand vertical map is a fibration. Finally the map 
/'(—) = 1) satisfies /' + / = / and H' is a homotopy between and /'. □ 

Proposition 7.10. Suppose that W has trivial G-action. Then for all n > and 

all q > 0, 

7^Lp(W^AZ/2+)o = {0}. 

Proof. First recall |dS03b[ Lemma 2.4] that given a finite G-set Z then there is a 
G-homeomorphism 

Horn, (Z+, Zo(y)o) ^ Zo{Y A Z+)o 
defined by / 1-^ J2zez /(■^) ^ ^- This yields 



7^?„p(VKAZ/2+)o 



Honiet., {W A Z/2+ A A'^^^^, Z/2o(^g-g)o)^ _ 
"Home*.. (M^AZ/2+ AA'„p,+, Z/2o(59^9)o)7 ' 
Hornets. {W A A,%^+, Z/2o(5^-^ A Z/2+)o);; _ 
Hom,t,. (T4^AA,V+, Z/2oiSi''i AZ/2+)o)l^ " 
Homet.. {W A A,%,+ , Z/2o(5g-^ A Z/2+)g)p 
Hom,t,. {W A A'„p,+ , Z/2o(59^9 a Z/2+)g'')^ ' 
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where the last equahty follows from Lemma 17.91 and Proposition 17.81 because W 
has trivial G-action. But since the action of G on S**'"^ A 2/2+ is free we have the 
isomorphism 

Z/2o(5'''« A ^ Z/MS''" A Z/2+)^ 

and therefore 

TZlJW A Z/2+)o = "^-'^ = {0}. 

topV I +10 Hom,*,. (M/AA,V+,2/2o(^«'«AZ/2+)g'')^ 

□ 

Recall that the action of G on a based set (F, *) is said to be free if Y'~^ — *. 

Corollary 7.11. Suppose that W is a based finite G-CW complex with free G- 
action. Then 

nlp(W)o = {0}. 

Proof. First we observe that TZlgp{Wn+i)o ^?op(^«)o is an isomorphism for any 
n. Indeed since is a free G-CW complex Wn/Wn-i is a wedge of spheres of the 
form 5*" A Z/2+. By the previous proposition ■R.f^p{Wn+i/Wn)o = :^?op(VS'"+i A 
Z/2+)o = {0}. 

By Proposition EH 7^?„p(W„+l/W„)o^^ ker(7^?„p(W„+l)o ^ 7eLp(Wn)o) is 
surjective and therefore TZj^p{Wn+i)o ^ '^topi^n)o- By CoroUarv 17.41 this map is 
onto as well and therefore TZlgp{Wn+i)o — Tifgp{Wn)Q- Since W = Wn for large N 
we conclude that n'!op{W)o = ^?op(W^o)o = {0}. □ 

Corollary 7.12. Suppose that W is a finite G-CW -complex. Then 
is an isomorphism of simplicial ahelian groups. 

Proof. Consider the cofibration sequence W^ ^W^ W/W^ . The space W/W^ 
has a free G-action and so Proposition l7.6l and CoroUarv 17.111 implv that 

{0} = TZlp{W/W^)o - keT[nlp{W)o -> ^Lp(W^'^)o] 

is surjective. Therefore T^top{^)o Q T^topi^^)o- Since it is also a surjection by 
CoroUarv 17.41 it is an isomorphism. □ 

For a based G-CW complex W define 

W^iW) = Hom,t,. (M^G A A*„p_+, no{S'^^'^)o) . 

The homotopy groups of compute singular cohomology of the fixed point 

space, n^WiW) = H^^-liW^ ,Z/2). 

Theorem 7.13. Let W be a finite G-CW -complex. Then 



n.TZlp{W)o ^ TT^W^iW) = H!r^liW^;Z/2) 
is an isomorphism for i >2 and an injection for i = 0,1. 
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Proof. Since WiW) = W{W^) and KopiW)o = 'R-Lp(W^)o by Corollary [7II2 
we immediately reduce to the case that W = W'^ . Since G acts trivially on W ^ 
Lemma 17.91 and Proposition 17.81 give 

Horn,,,. {W A A?„,,+ , Z/2,{S'^^'^),r; 
_ Hornets. (W^ A A,%^^, Z/2o(g^.^)g)„ 
Horn,*,. (M/A A,V+, 2/2o(5«'9)S'')p ' 
By |LLFM03[ Proposition 8.3] the short exact sequence 

is a principle fibration sequence. 

Finally comparing honiotopy fiber sequences of simplicial abelian groups 

Hom {W A A'„p^+, 2-")^ ^ Hom {W A A'„p,+ , Z^)^ ^ 7^t%(W^)o 

I II 

Hom {W A A*„p^+, Z--) Hom (H^ A A,%_+, Z^) ^ ^^(M^) 

yields the result. 

□ 

Corollary 7.14. Let W he a finite G-CW -complex. Then 
is an isomorphism for i > 2. 

Proof. The map TriTZlgp(W)o — > ■niJZlgpiW) is an isomorphism for i > 2 and an 
injection for i = 0, 1 □ 

Appendix A. Topological Monoids 

In this appendix we collect a few simple results on topological monoids. By topo- 
logical monoid we will mean a compactly generated Hausdorff topological abelian 
monoid (and similarly for the phrase topological group). An abelian monoid M is 
said to have the cancellation property if for any n, m, p £ M n + p = m + p implies 
m — n. 

Lemma A.l. Suppose that M is a topological monoid with the cancellation prop- 
erty. If + : M X M ^ M is closed and N <Z M is a closed submonoid then the 
quotient map t: : M ~> M/N is closed. 

Proof. Suppose that V C M is closed. Then since tt : M M/N is a quotient 
map to see that ttV is closed it is enough to see that tt^^ttV C M is closed. But 
TT-^nV = {V -\- N) n (M -\- N) which is closed. □ 

Lemma A. 2. Let M be a topological monoid with the cancellation property and 
let N C M be a .submonoid. Suppose that M/N is a topological monoid, is a 
topological group and is closed. Then the isomorphism of groups 

Af\+ M+ 



N J N+ 
is an isomorphism of topological groups. 
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Proof. The map M M+ /N^ sends to and so we obtain the monoid 

homomorphism M/N /N^ which is continuous. This induces the continuous 

group homomorphism </> : (M/N)^ — > M~^/N^. 

On the other hand the topological monoid quotient map M — » M/N induces the 
continuous group homomorphism M+ (M/N)^. Since is mapped to it 
induces the continuous group homomorphism ip : M^/N^ {M/N)^. 

The continuous maps '0 and (j) are easily seen to be inverse to each other. □ 

Recall that if A is a topological monoid with G-action we write A"" C A for the 
image of A'' = l + cr, so A"" C A is the topological submonoid consisting of elements 
of the form a + aa. 

Proposition A. 3. Suppose that M is a Hausdorff topological ahelian monoid with 
the cancellation property and that M"*" is a Hausdorff group. Suppose that G acts 
on M. Then the isomorphism of groups 

(M°)+ ^ {M+f 
is an isomorphism of topological groups. If {M^Y'" C M+ is closed then 

is an isomorphism of topological groups. 
Proof. We just have to show that the "identity" map 

{M+f (M<^)+ 

is continuous. 

The group completion M+ is topologizcd as the quotient 

M X M ^ M+. 

where q{a, b) = a — b. The map q : g~^(M+)'^ — + {M+f is again a quotient map 
since {M+f is closed. 

Consider the map M xM i^^^^ M x M x M M>^^ M x M which 

sends (a, 6) {a,b,ab,ab) i— > {a + ab,b + ah). This is a continuous map. Its 
restriction to q^^{M+f is a continuous map q~^{M+f — > x M*^ which 
induces the identity map on quotients 

{M+f (M°)+, 

and therefore this is a continuous map. 

The second statement for averaged cycles is proved in a similar fashion. □ 

Lemma A. 4. Let M be a topological monoid with the cancellation property. Sup- 
pose that M+ is a topological group and 2M+ is closed in M+ . Then 

M M+ 
2M ^ 2M+ 

is an isomorphism of topological abelian groups. 

Proof. For m G M write [m] for its image in M/2M. This quotient monoid is a 
group since [m] + [m] = 0. 

For {m,ri) £ M+ write [m, n] for its image in M+/2M+. The map M/2M 
M+/2M+ which sends [m] to [to,0] is continuous because M — > M/2M is a quo- 
tient. It is an injection because if [m, 0] = [0, 0] then there is (2n, 2n') such that 
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m + 2n' — 2n which says that [m] = 0. It is surjective since [m, n] ~ [m + n, rt + n] = 
[m + n,0]. The inverse M+/2M+ —> M/2M is continuous since it is the map 
[m, n] ^ [m + n,Q\ ~ [m + n^n + n]. □ 

Proposition A. 5. Let X be a normal quasi-projective real variety. 

(1) The continuous homomorphism N : Z"^ /2{X£) — > Z''/2(Xc)"" induces an 
isomorphism of topological groups 

(2) The continuous homomorphism Z'^(Xc)'^^ Z"^ /2{Xc)°'" induces an iso- 
morphism of topological groups 

— \^{^ ^ zy2(Xcr''. 

2Zi{X)G ' ^ 

Proof. Addition is a closed map for the monoid Co{P^)(Xc) (see the proof of Propo- 
sition I3.6P and therefore we conclude by Lemma lA.ll that addition is also closed 
for both the effective cocycles C'?(Ac) = Co(P^)(Ac)/Co(P^"^)(Ac) and closed for 
Cy2iXc) . 

By Lemma lA.4l the map /2{Xc) Z*/2(Ac) is an isomorphism of topological 
groups and therefore addition is closed for Z''/2{Xc). In particular iV = 1 + 
cr : ZV2(Ac) ZV2(Ac) is closed. Since Zi/2{Xc) is 2-torsion ker(A) = 
Z9/2(Ac)'^. It now follows that 

Zy2{Xc) N iryi^ -.av 

ZV2(Ac)<^ - ZV2(Ae) 

is an isomorphism of topological groups. For the second statement we need to 
conclude that the continuous bijection Z'>{XcT'" /2Z'i{Xc)^ Z'i /2{XcY'" has a 
continuous inverse. Write g for the inverse. Then 

Zi{Xc) ^Z'i{XcY'' 

g Z1{XcT'' 



Zi/2{XY'" 



2Zi{Xc 



is commutative and each map except possibly g is continuous. By the first part of 

the proposition the composition 2^'(Ac) — >• 2'/2(Ac) ^ Z'' /2{XcY'" is a quotient 
map and therefore g is continuous. We conclude that the map is an isomorphism 
of topological groups. □ 

Appendix B. Tractable Monoid Actions 
We recall Friedlander-Gabber's notion of tractability for a topological monoid. 

Definition B.l. [FG93| 

(1) If M is a Hausdorff topological monoid which acts on a topological space T, 
the action is said to be tractable if T is the topological union of inclusions 

= r_i C To C Ti C • ■ • 
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such that for each n > the inclusion T„_i C T„ fits into a push-out of 
M-equivariant maps (with Rq empty) 

i?„ X M > Sn X M 

Tyi — 1 ^ Tyi , 

where the upper horizontal map is induced by a cofibration i?„ ^ 5„ of 
Hausdorff spaces. 

The monoid M is said to be tractable if the diagonal action of M on 
M X M is tractable. 
(2) If in addition Af, T are G-spaces say that the action of M on T is equiv- 
ariantly tractable if the action map is G-equi variant, the i?„ ^ Sn are 
equivariant cofibrations between G-spaces, and the pushout squares (|B.2[) 
are G-equi variant. 

Fixed points of an equivariant cofibration is a cofibration and fixed points pre- 
serve pushouts along a closed inclusion. Therefore if T is an equivariantly tractable 
M-space then it is in particular a tractable M-space and T*^ is a tractable M'^- 
space. 

The most important feature of tractability is that the naive group completion 
M Af + of a tractable monoid is a homotopy group completion [FG93| . 

It is useful to know that all of our topological groups have reasonable equivariant 
homotopy types. Below we observe that this is the case by using essentially the same 
reasoning as in [FWOlbl Proposition 2.5]. The essential topological property used 
here is that Hironaka's triangulation theorem implies that the complexification of 
a real variety may be equivariantly triangulated (see for example J£W03, Theorem 
1.3]). 

Proposition B.3. Suppose that T is a tractable M-space. If Rn, Sn have the ho- 
motopy type of a CW -complex then so does T jM Suppose that T is an equivariantly 
tractable AI -space. If Rn, and Sn have the equivariant homotopy type of a G-CW 
complex then T/M has the equivariant homotopy type of a G-CW complex. 

Proof. We prove the second statement, the first follows in the same manner by 
discarding equivariant considerations. Modding out by the M-action in (jB.2p we 
obtain equivariant pushout-squares 

Rn ^ Sn 

I I 

Tn^l/M > Tn/M. 

By induction and homotopy invariance of pushouts along G-cofibrations we see that 
Tn/M has the homotopy type of a G-GW complex and that Tn^i/M Tn/M is 
a G-cofibration. By [Wan80|, Theorem 4.9] we conclude that colim„ T„/M has the 
homotopy type of a G-CW complex. We are done since T/M = colim„ Tn/M by 
the proof of [Fri98[ Lemma 1.3]. □ 

Proposition B.4. Let £ C X be a constructable subset of a real projective variety. 
(1) The space £c has the homotopy type of a G-CW complex. 
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(2) Suppose that T ^ £ is a closed constructable embedding. Then J-c ^ £c 
is an equivariant cofibration. 

Proof. Let £c, J^c be closures (in Xc) of £ic and Tc- There is an equivariant 
triangulation of i?c so that J-c and £c\£c are subcomplexes [KW031 Theorem 
1.3]. Then and are unions of open simphces. The deformation retract of £c 
onto a subsimpHcial complex given in the proof of [FWOlbj Proposition 2.5] IS an 
equivariant retract onto a G-simplicial complex (and similarly for J-fz) which gives 
the first statement. The construction of a deformation retract onto Tc of an open 
neighborhood U of J-c in £c given in |FL971 Lemma CI] works equivariantly which 
shows that J-c is a cofibration. 

□ 

As shown in [FG93[ Proposition 1.3] the Chow monoids associated to complex 
varieties are tractable and in [FL97i Proposition C.3] these results are extended to 
certain constructable submonoids of Chow monoids. Their proofs work equivari- 
antly to give the equivariant analogue of their result. A submonoid C Af is said 
to be full if whenever m + m' d N then both m, m' G A^. The condition below 
on f C Ck{X) in the proposition is satisfied if £ is Zariski closed or if it is a full 
submonoid. 

Proposition B.5. Let X be a projective real variety and £ C Ck{X) by a con- 
structable submonoid such that + : £ x £ ^ £ is a Zariski closed mapping. Then 

(1) £c is an equivariantly tractable monoid. 

(2) fjt has the homotopy type of a G-CW complex. 

(3) If J- <Z £ is a closed constructable embedding then £c is tractable as an 
Tc-space and £c/ J-c is an equivariantly tractable monoid. 

(4) Suppose that J- ^ £ is a closed constructable embedding. Then C 5+ 
is closed and the sequence 

^ J-+ ^ f + ^ (fc/^c)+ 

is an equivariant short exact sequence of groups of spaces of the homotopy 
type of a G-CW complex. 

Proof. In [FL97[ Proposition C.3] the monoid £c is shown to be tractable as follows. 
Write £{d) = £c r\ Ck,d{Xc) and let : ^ N be a bijection such that if a < c, 
b < d then ^{a, b) < v{c, d). Define 

Sn = £{a„) X £{bn), where v{an,b„) = n 



Rn = Im j (J £{an - c) x £{b„ - c) x £{c) f (a„) x f (6„) j C 5„ 

and 



I c>0 



r„ = Im ( IJ £{a) X £{b)) x £c ^ £c ■>< £c 

\ i/(a,6)<n 

The spaces Rm Sm and T^ are G-spaces, fit into the appropriate pushout squares, 
and Rn ^ S'„ is a closed constructable embedding since addition is closed on £c 
therefore by Proposition IB .41 the i?„ ^ Sn are equivariant cofibrations. This shows 
that £ is equivariantly tractable. The third item follows from similar consideration 
of [FL97i Proposition C.3]. The second item follows by applying Proposition IB. 31 



VANISHING THEOREMS FOR REAL ALGEBRAIC CYCLES 



49 



For the last part write R'^, S'^, and for the spaces above giving the tractabihty 
of J-Q. Then i?^ C i?„ and S^^ C Sn are cofibrations. Considering the comparison 
of pushouts 

T'n/^c = T'^-xl^c y^S'n^ Tn/Ec = T„_i/5c [J Sn 
R'„ fl,. 

we see by induction that T'^/Tc ^ Tn/Ec is a cofibration and in particular is 
closed. Therefore — colim„ T^/JFc C colim„r„/fc — E^ is a. closed subspace 
[FP90[ Proposition A.5.5]. Finally Ec/J^c)'^ = ^c/^c Lemma |X2] which gives 
the displayed exact sequence. □ 

Spaces of algebraic cycles and algebraic cocycles on complex varieties are shown 
to have CVF-structures or homotopy type of CM^-spaces in |LF921 IFWOlbj and in 
|Teh05) for real varieties. 

Corollary B.6. Let U be a quasi-projective real variety. Then the spaces Zk{Uc), 
Z/ik{Uc), ^''(Uc), Z'^/i{Uc) all have the homotopy type of a G-CW complex. 
The spaces Zfc(C/c)'^^ Z/4(C/c)™, UkiU), ZHUcT'", Zi/l{UcT'', and 7^'^(C/c) 
all have the homotopy type of a CW -complex. 

Proof. That Zk{Uc) has the homotopy type of a G-CW complex follows imme- 
diately from the previous proposition. Let U C U he a projectivization. Write 
To{Fl~^){Uc) = £o(IPc"^)(^c) + Cd(P^ X Uc). This is a closed constructable sub- 
monoid ToiVl-^)iUc) C £o(P^)(C/c) and {Eo{Vl)iUc)/MK'^){Uc))+ = ZHUc) 
has the equivariant homotopy type of a G-GW complex. Since (£Cfe(C/c))^ C 
Cfc([/c)+ is closed we easily see that (^Cfe([/c))+ = ^(Cfc(C/c))+ Q CkiUc) + - There- 
fore Z/£k{Uc) = {Ck{Uc)/£Ck{Uc))~^ has the equivariant homotopy type of a G- 
GW complex. Similarly one sees that Zye{Uc) = (£o(Fc)(t^c)/^o(IPr^)(^c) + 
£Eo{Ff,){Uc))^ has the equivariant homotopy type of a G-GW complex. 

The monoid inclusions £Ck{Uc) nCk{UcT'' Q CuiUc^ Q Ck{Ucf C Ck{Uc) are 
ah closed and so Zfe({/c)"", 7^fc(C/) ^ (Cfc(C/c)^/Cfc(C/c)™)+, and Z/4(C/c)"" = 
{CkiUcT''/£Ck{Uc) n Cfc(J7c all have the homotopy type of a CM^-complex. 

Similarly Z?(C/c)'^^ - (£o(P^)(C/c)'^V-^o(Pr')(C^c)n£o(P^)((7c))+, Zye{Ucr = 

iEoiPl){Ucr/iToi¥l-')iUc) + £EoiPl){Uc)) n 5o(P^)(C/c)'^'^)+, and n^{Uc) = 

{Eo{Pl){Uc)^ /To{K~')iUc)^ + SoiKWcTn^ aU have the homotopy type of a 
GW complex. □ 
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